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Abstract

The influence of small velocity-dependent forces on the stability of a linear
autonomous non-conservative system of general type is studied. The problem
is investigated by two approaches based on the sensitivity analysis of multiple
eigenvalues. In the first case the eigenvalues of a quadratic matrix pencil as
functions of a vector of the system parameters are studied. The second ap-
proach deals with the roots of the characteristic polynomial whose coefficients
are expressed by means of the invariants of matrices of a non-conservative
system.

An explicit asymptotic expression for the critical flutter load as a func-
tion of parameters corresponding to the velocity-dependent forces is derived.
Approximations of the domain of asymptotic stability in the space of pa-
rameters are obtained. The behaviour of eigenvalues in the complex plane
is investigated and interpreted. The classical problems by H. Ziegler, V.V.
Bolotin and G. Herrmann considered as mechanical applications demonstrate
the applicability of the developed methods based on the analysis of multiple

eigenvalues.

1 Introduction

The dependence of stability of a linear autonomous mechanical system on the struc-

ture of forces acting on the system is a classical subject that goes back to the works
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by W. Thomson and P.G. Tait [1]. However, the general interest to the problem
of the influence of small velocity-dependent forces on the stability of a linear au-
tonomous non-conservative system arose in the early 1950-s due to the work by H.
Ziegler [2]. The first systematic results on non-conservative stability problems in
mechanics were summarized in the book by V.V. Bolotin [3] and in the paper by G.
Herrmann [4]. Other references on this subject one can find in the detailed surveys
by A.P. Seyranian [5] and A.M. Bloch et al. [6]. A recent paper by V.V. Bolotin et
al. [7] contains a short review of achievements in the field.

We consider oscillations of a linear autonomous non-conservative mechanical

system with m degrees of freedom described by the equation
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where M, D, A are real m x m matrices of inertia, damping and gyroscopic forces as
well as non-conservative positional forces, respectively, and y is an m—dimensional
vector of generalized coordinates.

In the absence of the velocity-dependent forces described by the matrix D the
non-conservative system can never be asymptotically stable, but it can be marginally
stable oscillating with the limited amplitude. If the system depends on parameters
one can subdivide the parameter space into the domains where the system is stable
or unstable. How are the domain of marginal stability and the domain of asymptotic
stability after the introduction of velocity-dependent forces related to each other?

H. Ziegler [2] discovered the destabilizing influence of such forces on the non-
conservative system: The critical load of the Ziegler pendulum decreases in a dis-
continuous manner with the introduction of a small damping. This effect known as
the destabilization paradox was discussed in a number of papers [2-11].

However, already in 1960-s the existence of stabilizing damping configurations
for linear non-conservative systems was shown for some specific cases [3, 12, 13].
In the works [10, 11, 14] the first attempts to generalize these results studying
bifurcations of eigenvalues of the system were made. Good perspectives of this
approach and the necessity of its further development were noted independently
in [15, 16]. A multiparameter sensitivity analysis of multiple eigenvalues created
in [17, 18] allowed to explain the destabilization paradox and find the domain of
stabilization in the plane of damping parameters for the Ziegler pendulum [19, 20].
In the works [21, 22] the domain of stabilization was partially found for general
2% 2 non-conservative systems by means of the sensitivity analysis of simple roots of

the characteristic polynomial. Recently it was established that the destabilization



paradox is close connected with the singularities of the asymptotic stability domain
[23], which theory goes back to the works by V.I. Arnold [24].

The goal of the present paper is to obtain the applicable results on the (de)stabili-
zation of non-conservative systems in the general case. The paper is organized
in the following way: In Section 2 we study a non-conservative system with m
degrees of freedom, assuming that the matrix of damping and gyroscopic forces
smoothly depends on a vector of parameters k and the matrix of non-conservative
positional forces is a smooth function of a vector q. We derive the explicit formulae
approximating the domain of asymptotic stability in the space of the parameters k
and q. In Section 3 the Herrmann-Jong pendulum is considered in detail. In Section
4 for systems with two degrees of freedom we construct approximations of the domain
of asymptotic stability using matrix invariants and find the structure of the matrix of
velocity-dependent forces stabilizing a circulatory system. As mechanical examples
the Bolotin problem and the problem of Herrman and Jong are considered in detail.

Most of the mathematical results needed for the analysis of stability are concen-
trated in three appendices. In Appendix A we obtain explicit formulae describing
splitting of a multiple eigenvalue of a linear operator whose coefficients smoothly
depend on the spectral parameter and a vector of real parameters. In Appendix B
we apply the Leverrier-Faddejev algorithm to a 2 x 2 block matrix in order to express
the characteristic polynomial of a quadratic matrix pencil through the invariants of
its matrices. In Appendix C we are interested in stable complex polynomials. All

the results from the Appendices A, B, C are used throughout the paper.

2 Analysis of eigenvalue problem

Consider a linear autonomous non-conservative mechanical system for free vibrations

d’y dy
M—2 +D(k)— + A(q)y =0 2.1
5z TDK)— + Aq)y =0, (2.1)

where the real m x m matrices D and A are smooth functions of the vectors of
parameters k € R* and q € R" *, respectively, and besides D(0) = 0. The real
m X m matrix M is assumed to be constant. The integer index p takes its values
from the interval 0 < g < n. Thus, the vector of parameters consists of two
independent components p = (k,q) € R". Finding the solution of Eq.(2.1) in the

form y=uexp(At), where ¢ is time, we get the eigenvalue problem

Lu=0, L=XM+AD(Kk)+A(q), (2.2)



where u is an eigenvector and )\ is an eigenvalue of the linear operator L for the
fixed vectors k and q.
The non-conservative system without gyroscopic and damping forces (D = 0)
d*y

Mﬁ +A(qy=0 (2.3)

is usually called circulatory [2, 3]. Let the bar over a symbol indicates complex
conjugation. The spectrum of a circulatory system has a reversible symmetry: If
A is an eigenvalue of (2.2), then —)\, A, and —\ are the eigenvalues too. As a
consequence, a circulatory system is stable in the sense of Lyapunov only if all the
eigenvalues A of eigenvalue problem (2.2) are purely imaginary and simple or semi-
simple. If with a change of the vector of parameters q at least one eigenvalue becomes
positive and real then the circulatory system loses stability statically (divergence).
In the case when there exists a complex-conjugate pair of eigenvalues a dynamic
instability (flutter) occurs [2, 3, 25].

It is known that in the case of the general position the smooth parts of the
boundary of the stability domain of a circulatory system are made up of surfaces
of codimension 1, at whose points the operator L contains either a double zero
eigenvalue or a double purely imaginary eigenvalue with a Jordan chain of length 2,
all other eigenvalues A\ being purely imaginary and simple. Generally speaking, the
stability boundary is not smooth and may have singularities of higher codimension,
corresponding to eigenvalues with more complicated Jordan structure [24, 25, 26].

Perturbation of a circulatory system by small velocity-dependent forces destroys
the reversible symmetry of eigenvalues. As a result, the non-conservative system
can become unstable or asymptotically stable, if all the eigenvalues move into the
left-hand half of the complex plane. How should one change the parameters k, q to
make non-conservative system (2.1) asymptotically stable or to destabilize it?

Bifurcation of a double eigenvalue in the generic case. The main tool
in our investigation of stability of system (2.1) will be the theory of bifurcation of
multiple eigenvalues of linear non-selfadjoint operators going back to the work [27].
We will use here the explicit formulae describing splitting of multiple eigenvalues
of a linear matrix operator L(\, p) smoothly dependent on the complex spectral
parameter A and the vector of real parameters p € R" derived in Appendix A.

Consider a point py=(0,qp) in the n-dimensional space of parameters (k,q).
Let the operator L be defined by Eq.(2.2) and Ag=iwy be a double purely imaginary
eigenvalue of the operator Ly=L(0, qy) with the Jordan chain of length 2, whereas

all other eigenvalues are purely imaginary and simple. Since D(0)=0, the non-
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conservative system corresponding to k = 0, q = qq is circulatory (2.3) and the

point py belongs to its stability boundary. Since

OL , O*L P*L
a = QZ(A)OMO, W = 2M0, ﬁ

where Ay = A(qp) and My = M, then according to Eqs.(A2),(A3) of Appendix A

the eigenvectors ug, vy and associated vectors uy, vy of the double eigenvalue iwy

LO :AO —ngg, :0,

must satisfy the equations
(Ag — u)gl\/[g)ug = 0, (Ag — ngo)ul = —inOMouo,

(AY —wiM{)vo =0, (A —wiMy)vy = 2iwM; vy. (2.4)
Choose the real vectors ug, vy and purely imaginary vectors u;, v; that satisfy the
normalization and orthogonality conditions

oL 1 82L OL 70°L 7+ 0%L
r o=1, vl ( Lg%t 06)\2 >:0. (2.5)

Vo gy + 0 % » Vigyw

Consider a smooth perturbation of the vector of parameters p(e), p(0)=py given
by Eq.(A4). In the case of the general position the perturbed double eigenvalue is
represented by the Newton-Puiseux series A = iwg+€/2\; +eXo+. .. [27]. According
to Eqs.(A19)-(A21) and Eq.(A6) we get for the first two coefficients A\; and g

1 oL
)\? = —ng1u0, Ay = —5 <V{L1U0 + Vngul + Vga—;u0> ) (2'6)
where
i 9A 8L1 koD .
L. — o — =Y —k 2.7
1 M“Zak +z_:18qsq oA ;3’% 20

and dot indicates differentiation with respect to the small parameter €.

For the sake of convenience we introduce the real vectors f;, f;, hy, h, with the

components
oD . 70D oD
Jrp = VE%UO, ihg, = vi o ——Ug + VOTak r=1...pu, (2.8)
0A ) 0A 0A
fq,s = Vg%ug, th,s = V?aﬂo + vg%ul s=1... n—u. (29)

Taking into account that according to Eq.(A4) Ak = ek +o(e), Aq = eq + o(e) and
using notation (2.8), (2.9) in Eqs.(2.6), (2.7) we obtain

A = iwy =/ —iwo (£, AK) — (£, Aq) — = ((fi—wohy, AK) + i(h,, Ag)) +..., (2.10)

DN | —



where the angular brackets indicate the inner product of real vectors. Equation
(2.10) describes splitting of the double eigenvalue iw, with a change of the vectors
k and q in the case when the radicand is not zero.

A tangent cone to asymptotic stability boundary. For a fairly small vari-
ation of parameters with (fy, Ak) # 0 the double non-zero eigenvalue iwj splits into
two simple complex eigenvalues, one of them with positive real part. If (i, Ak) = 0,
then for (f;, Aq) > 0 the radical in Eq.(2.10) will be purely imaginary. If, in ad-
dition, (hy, Ak) < 0, then for a fairly small variation of parameters the double
eigenvalue iwy (as well as —iwg) will split into two simple eigenvalues with negative
real parts.

However, asymptotic stability depends also on behaviour of the rest of 2m — 4
simple purely imaginary eigenvalues fiwg ;. Choose the real right ug, and left v

eigenvectors of these eigenvalues satisfying the normalization conditions

OL
VasﬁuOﬁ = 1.
According to Eqs.(A7),(A14) the increments of the eigenvalues +iwg s due to change

of parameters are described by the expression
A= = iwp s Fi(by, Aq)—wp s(gs, Ak)+o([|Ap||*), s=1...m—2,

where the real vectors g; and b, have the components
oD 0A ,
Gsr = Vi =g, bs; = vasa—uo,s, r=1...u, j=1...n—pu. (2.11)
qj
The condition for ReA; to be negative is (g, Ak) > 0. Therefore, the tangent cone

to the domain of asymptotic stability in the space of parameters k and q is
(fi, Ak) =0, (hy, Ak) <0, (f,, Aq) >0, (g,,Ak) >0, s=1...m—2. (2.12)

One can see from inequalities (2.12) that the domain of asymptotic stability has
at the point pe=(0, qo) a complicated singularity. Indeed, it follows from the works
by V.I. Arnold [24] that the asymptotic stability domain in the neighborhood of the
point py, corresponding to the double non-zero eigenvalue iw, and simple non-zero
eigenvalues iwg s, s=1,...,m — 2, is a direct sum of the (m—2)-hedral angle and
the singularity ”"Deadlock of an edge”, if the number of parameters is sufficiently
large. The ”Deadlock of an edge” shown in Figure 1 is a generic singularity of the
asymptotic stability boundary of a general three-parameter non-conservative system
corresponding to the spectrum containing a double purely imaginary eigenvalue (the

other eigenvalues having negative real parts) [23, 24].
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Figure 1. The singularity ”Deadlock of an edge” and curve (2.13), (2.14).

Splitting of a double eigenvalue in the degenerate case. To obtain more
accurate information on the stability domain in the vicinity of the point py=(0, qo)

we consider a variation of the vector of parameters along a smooth curve

0 k
p(e) = +e +e | | +o(ed). (2.13)
Ao 0 q
Besides, we assume that
(fp, k) = 0. (2.14)

Curve (2.13), (2.14) is tangent to the plane (fy, Ak)=0 and is orthogonal to the
subspace R"* of the parameters q because q = 0, Figure 1.
The radicand in Eq.(2.10) vanishes along curve (2.13), (2.14) and in this degen-

erate case the double eigenvalue splits linearly with respect to e
A= )\0 + )\26 + 0(6). (215)

According to Egs.(A31), (2.13), and (2.14) the coefficient A, is a root of the quadratic

polynomial
: 1 o 1 . o
A2~ Aywo (hy, )+ <§(fq, i) + w2 (Gyk, k>> i <§(fk, k) + (Hk, k>> — 0. (2.16)

The vectors f, £, hy are defined by Eqs.(2.8),(2.9), the real p x p-matrix Hy has

the components

1 . 0°D

—Vy=———u

20 Ok, 0k,

and the real g X p-matrix Gy is defined by the following expression

(Gik, k) Zk viG, (Zk ng ) (2.17)

Hr,s -
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where Gy is the operator inverse to Ly = Ay — wiM.
Taking into account explicit expression (2.13) for the curve p(e) and Eq.(2.15)
we rewrite Eq.(2.16) in the form

AN —Adwy (hy, Ak)+(f,, Aq)+wi (G Ak, Ak)+iwy (£, Ak)+(Hy Ak, Ak)) =0.
(2.18)
According to the Bilharz criterion [28] the necessary and sufficient conditions for a
root of complex polynomial (2.18) to have a negative real part are (see Eq.(C2))

((f, Ak) + (H,Ak, Ak))?

f,,A
(f;, Aq) > (h;, AK)?

— wi (G Ak, Ak), (2.19)

wo(hy, Ak) < 0. (2.20)

Inequalities (2.19), (2.20) give approximation (more accurate than the tangent cone)
of the domain in the parameter space, where the double eigenvalue iwy splits into
two complex eigenvalues with negative real parts.

The critical flutter load and the boundary of asymptotic stability. Con-
sider an important case when the matrix A is a function of only one parameter ¢
and the matrix D depends on the vector k. Then, Eq.(2.19) allows to find a criti-
cal value of the parameter ¢, at which splitting of the double eigenvalue 1w, causes

asymptotic instability (flutter), as a function of the vector k

(£, AK)+(H Ak, Ak))? w2
fq<hk=Ak>2 fq

Restricting our consideration by the case when

(GrAk, Ak). (2.21)

Ger = qo

{k:q¢>qu(k)} C{k:wo(hy k) <0, (g5,k) >0, s=1...m—2} (2.22)

meaning that all the simple eigenvalues +iwg s, s = 1,...,m — 2 move to the left-
hand half of the complex plane we conclude that the surface ¢, (k) approximated by
Eq.(2.21) under the constraint (2.20) is the boundary of the domain of asymptotic
stability.

Level sets of function (2.21) are stability boundaries in the space of parameters
k=(ki,...,k,). The level set ¢, =qy, where g is the critical value of the parameter

q for the unperturbed circulatory system, is given by the expression

If there are only two parameters k = (ky, ko), then (2.21) is the equation of the

surface known as the Whitney umbrella [24]. The level curves of this surface for
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Figure 2. Level curves of the function g, (ki, k2) for f, < 0. The asymptotic

stability domains are hatched.

fq < 0 are given in Figure 2. One can see that for ¢, <gy the asymptotic stability
domain has an angle in the plane of parameters (ki, k2). At ¢.,>qo the asymptotic
stability domain is far away from the origin, Figure 2, and one needs to apply
sufficiently large velocity-dependent forces to stabilize the system. At ¢..=qy the
asymptotic stability domain has a degenerate singularity, the ”cusp”, at the origin
of the plane of parameters. From Eq.(2.23) we find equivalent approximations of

the cusp expressing Ak;=k; as a function of Aks=Fk, and vice versa

—@k B fkTHLfk + wo(Pra fr2 — P fra)y fkTGLfk

k= k2 + o(k2), 2.24
V= ke i 5 +o(k3) (2.24)
fLHLE, + wo(h —h VE'Gif
k2 _ —Ekl Tk klk (A)O( k,lfk,23 k,2fk,1) k k kk% + O(k%), (2.25)
Jr2 i
where the symbol of dagger indicates the matrices adjoint to Hy, and Gy [29]
H —H G -G
i = k22 biz | Gl = k22 k12
—Hyo1  Hpn —Gra1 Gikn

Movement of eigenvalues in the complex plane. Assume that the matrix
A is a function of only one parameter ¢ and the matrix D depends on the vector k.
Substitution of AX = Re) + i(ImA — wy) into Eq.(2.18) and separation of real and

imaginary parts yields

(ImA—wy + ReA + a/2)* — (ImA—wy — ReX — a/2)* = —2d, (2.26)

a\? a? a\? d?
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Figure 3. Movement of eigenvalues of an unperturbed circulatory system (thin

lines) and the system with small velocity-dependent forces (thick lines) for d # 0.

a’ d?
(ImA—wp)* — (C_Z> (ImA—wy)? = (2.28)
where
a = —wy(hg, Ak), ¢ = f,Aq+wi(GrAk, Ak), d = wy ({f, Ak)+(H;Ak, Ak)) .

Equations (2.26)—(2.28) describe the movement of eigenvalues A in the complex
plane with a small variation of the stiffness matrix A(¢g) and the matrix of velocity-
dependent forces D (k). Indeed, if Ak=0, then the system is circulatory and with
a change of the parameter ¢ two simple purely imaginary eigenvalues move along
the imaginary axis, merge at g=¢o and then diverge in the direction perpendicular
to the imaginary axis with the origination of a pair of simple complex eigenvalues
(flutter). Since at Ak=0 the quantities a=0, c=f;Aq, d=0 the eigenvalues move in
accordance with Eqs.(2.26)—(2.28), which take the form

Re)\:j:\/—fq(q—qo), ImA = wo, fqlg—q0) <0,
ReA =0, ImA=wy£/f,(¢— ), fs(¢—q)>0. (2.29)

The movement of eigenvalues of a circulatory system with a change of the parameter
q is shown in Figure 3 by thin lines for f, < 0. Such a behaviour of eigenvalues is
known as the strong interaction [18, 25].

If Ak#0 and d+#0, then the velocity-dependent forces destroy the strong interac-
tion of eigenvalues as shown in Figure 3. For the fixed Ak the eigenvalues move with
a change of the parameter ¢ along the branches of hyperbola given by Eq.(2.26) in
the complex plane. This hyperbola has two asymptotes ReA = —a/2 and ImA = wy.
If a < 0, then one of the two eigenvalues is always in the right-hand half of the com-
plex plane making the system asymptotically unstable. Thus, a > 0 is a necessary
condition of asymptotic stability, which coincides with inequality (2.20) obtained

with the use of the Bilharz criterion.
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Figure 4. Movement of eigenvalues of an unperturbed circulatory system (thin

lines) and the system with small velocity-dependent forces (thick lines) for d = 0.

Behaviour of real and imaginary parts of eigenvalues \ is governed by Eqs.(2.27),
(2.28). Characteristic curves ReA(¢) and ImA(g) are shown in Figure 3 by thick lines.
The value of the parameter ¢ at which ReA = 0 follows from Eq.(2.27) in the form
ca? = d?. Tt is not surprising that the obtained condition exactly coincides with
Eq.(2.21) for the critical load ¢... One can see that the velocity-dependent forces
shift and split the characteristic curves of a circulatory system as shown in Figure
3. This qualitative fact was known in the literature, see for example [3, 11, 30].
Equations (2.26)—(2.28) that describe analytically the behaviour of eigenvalues of
the circulatory system perturbed by velocity-dependent forces as well as Eq.(2.21)
for the critical load seem to appear first in the present paper.

In the case d=0 the introduction of small velocity-dependent forces (Ak#0) does
not lead to the destruction of the strong interaction of eigenvalues. The complex

eigenvalues A with ReA= — a/2 interact strongly at g=q., where

(hy, Ak)? — 4(GAk, AK)
if,

in accordance with Eqs.(2.26)—(2.28). Then, with a change of the parameter ¢ the

(2.30)

Q*:(IO+W§

double eigenvalue A\, = —a/2 + iwy splits into two simple complex eigenvalues, one
of which crosses the imaginary axis at ¢ = ¢, given by Eq.(2.21) as shown in Figure
4 for a > 0.

Change in the static instability mechanism due to perturbation by
small velocity-dependent forces. Assume that at the point po=(0,qy) corre-
sponding to a non-perturbed circulatory system there is a double eigenvalue Ay = 0
with the Jordan chain of length 2, all other eigenvalues being purely imaginary and
simple. Such points, which can be denoted by the symbol ”0%” [24], constitute
smooth parts of the boundary between the stability and static instability (diver-

gence) domains of a circulatory system [25]. However, a non-conservative system
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Figure 5. The bifurcation diagram and the splitting of the double zero eigenvalue

in the unperturbed (thin lines) and perturbed (thick lines) cases.

with damping and gyroscopic forces loses stability by divergence when a simple neg-
ative real eigenvalue passes through the origin ”0” to the right-hand side of the
complex plane. Therefore, velocity-dependent forces change the static instability
mechanism.

It is known [24] that for a general non-conservative system the points of the
type ”0” corresponding to simple zero eigenvalues and the points of the type "a?”
corresponding to double real non-zero eigenvalues with the Jordan chain of length 2
constitute smooth hypersurfaces in the parameter space, which are tangent to each
other at the points of the type "0%?”. The bifurcation diagram in the vicinity of
the point pp=(0, qp) is shown in Figure 5. Note that the hypersurface of the type
”0” does not, change due to variation of parameters k because det(\? + D(k)\ +
A(q))r—0 = det A(q). This hypersurface is orthogonal to the subspace R"* of the
parameters q as it is shown in Figure 5.

Thus, to understand how the static instability mechanism changes we should
investigate the splitting of the double zero eigenvalue along curves of the type (2.13).
Taking into account Egs.(2.5), (2.7)—(2.9), and (2.13) and substituting wy = 0 into
Eq.(A31) we get

M+ My, Ak) + (f,, Aq) = 0. (2.31)
If Ak = 0, then the non-conservative system is circulatory. Its spectrum contains
the double eigenvalue A = 0 at the point q = qo of the boundary between the
stability and divergence domains. With a change of the vector of parameters Aq =

q — qo # 0 the double zero eigenvalue bifurcates passing through the divergence

boundary according to the formula

A=+ (f, Aq). (2.32)
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This is the typical mechanism of the static instability in circulatory systems [25].
If the damping is introduced (Ak # 0) then the double zero eigenvalue splits

with a change of parameters in the following way

\,, o (i Ak

| e %\/(fk, AK)? — 4(F,, Aq). (2.33)

If (f;, Ak) > 0 then at q = qo the double zero eigenvalue splits into a simple zero

eigenvalue and a negative real eigenvalue

This shows that the hypersurface ”70” remains the same while the static instability
occurs due to passing of the simple eigenvalue through the origin of the complex

plane. If (f;, Aq) > 0, then on the surface approximated by the expression

fi, Ak)?
(£, Aq) = T2 (2.35)
the eigenvalue remains double
f,., Ak
A=Ay = S ’“’2 ). (2.36)

If (fy, Ak) > 0, then for a fixed vector Ak the double zero eigenvalue rebounds
from the imaginary axis and becomes double negative according to Eq.(2.36). Due
to change of the vector q two complex-conjugate eigenvalues collide at the surface
(2.35) when q = q. with the origination of the double negative eigenvalue (2.36).
At q = qp one of these simple eigenvalues becomes zero while another one remains

negative (2.34). This process is shown in Figure 5. In the case when
(£;, Ak) = 0 (2.37)

the double zero eigenvalue does not rebound from the imaginary axis due to variation
of the vector k.

3 The Herrmann-Jong pendulum

As an example we consider a double pendulum composed of two rigid weightless bars
of equal length [, which carry concentrated masses m;=2m, ms=m. The generalized
coordinates ¢; and ¢, are assumed to be small. A load ) is applied at the free

end at an angle nyy, as shown in Figure 6. At the hinges, the restoring moments
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cp1+bidpy /dt and ¢(ps—p1)+bo(dps/dt—dypy /dt) are induced. The linear equations

of motion are

d2 d d d
3mi2 (’01 + (b1 + b)) —— — (Ql — 2¢) 1 + mi? P2 by—— 902 + (nQl — c)p2 = 0,

dt2 dt dt2 dt
d2 d d
mPP =l = b e mlP = by (L= m)QL— ) =0, (3.1)

where t indicates time, b; and by are the damping coefficients and ¢ characterizes the

elastic properties of the hinges [9]. After introduction of the dimensionless quantities

Ql by ba c
PR emiz eml2’ ’ ml?

we arrive at the equation in the form (2.1), where

3 1
M: y D:
11

Calculating det(MA?+ DA+ A) and equating it to zero we obtain the characteristic

ki+ke —ko ] A= [ 2—q ng—1

—ky ko ~1 1—(1—n)q]' (3.2)

equation
2N+ (6ko + k)N + (kika + 2ng + 7 — 49) N> + ((2kaq + k1q)(n — 1) + ko + ki) M+

+Bg¢—¢*)(n—1)+1=0. (3.3)

Stability boundaries of the undamped and damped systems. In the case
when damping is absent the flutter boundary is defined by the double purely imag-
inary eigenvalues with the Jordan chains of length 2. Since for k1=ky=0 equation
(3.3) becomes biquadratic, then the flutter boundary of the circulatory system can

be found by equating the corresponding discriminant to zero

8 — 1+ /—TI8+ 667 — 4077

3.4
4 —4n+ 2n? (34)

The divergence boundary of the circulatory system in the plane of parameters (1, q)

follows from Eq.(3.3) after equating its free term to zero

1
q(3—1q)

Almost all points of the divergence boundary of the circulatory system correspond to

n=1- (3.5)

the double zero eigenvalues of the type ”0?”. The boundaries between the stability
(S), flutter (F), and divergence (D) domains of the circulatory system on the plane

of the parameters i and ¢ are shown in Figure 6 by thick lines.
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Figure 6. The Herrmann-Jong pendulum: Stability diagrams for k;=0, ky=0 (thick
lines) and in the case when ko = 3/10 ky for k1—0, k=2, and k;=5 (thin lines).

One can see that Eq.(3.3) possesses quadruple zero eigenvalue ”0*” if all the
coefficients of the characteristic polynomial are zero. The point in the plane of

parameters corresponding to this eigenvalue has the coordinates

61 7 13 1

being common both for the divergence and flutter boundaries, Figure 6. At this
point the stability boundary of the circulatory system has a generic singularity —
the ”cusp” [26].

The Routh-Hurwitz criterion applied to Eq.(3.3) gives the asymptotic stability

boundary for the non-conservative system with dissipation
R(1, q, k1, k2) = ¢*(n — 1) (4k5 (4 — 1) + 41 ko (21 — 3) — k7)+
+q(n — 1) (8k1ka (K + 8kiko + 12k3) + 2k7 + 22k ky — 20k3)+
+(kiky — 2q) (K2 4 Thiky + 6k2) 4 4k? + 33k1ky + 4k2 = 0. (3.7)

These boundaries for different values of the dissipation parameters ki, ks are shown
in Figure 6 on the plane of parameters n and ¢ by thin lines.

After introduction of small damping the divergence boundary (3.5) remains the
same but most of its points correspond to the simple zero eigenvalues. However,
some isolated points of the divergence boundary still correspond to the double zero
eigenvalue ”0?”. The double zero is a root of characteristic polynomial (3.3) for
ki # 0, ky # 0 if the free term and the coefficient at A vanish simultaneously. The
corresponding point of the divergence boundary has the coordinates

ke 42k k3 + k3 + 3k1ko

e , 3.8
T Tk T 203 1 K3) + ki (3.8)
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Note that asymptotic stability boundary (3.7) passes through the point (3.8) for
different values of the parameters k;, ky as shown in Figure 6.

Splitting of the double zero and coordinates of the point ”70?”. As it was
shown in Section 2 the double zero eigenvalue in general rebounds from the imaginary
axis due to small damping. The condition for the double zero eigenvalue to remain
on the imaginary axis is Eq.(2.37). Let us find the point ”0*” with the coordinates
given by Eq.(3.8) by means of the non-rebound condition given by Eq.(2.37).

From the equations Aguy = 0 and Alvy = 0 we obtain the left and right

eigenvectors of a zero eigenvalue

1
B-9)/2-4q)

where C; and (5 are arbitrary coefficients and the matrix A

A°:[2_q —(2—q>2/<3—q>]_
-1 2-9/B-9q)

Uy :Cl

]7 VOZOQ

! ] , (3.9)

2—q

(3.10)

is the matrix A given by Eq.(3.2) evaluated at the points of the divergence boundary

(3.5). Normalization condition (Muy, vo)=1 gives the relationship between C, Cy

2—q
C.Cy = . 3.11
P2 T 02 —13¢ + 19 (3:11)
With these ingredients one can find the vector £, = (fi.1, fr2)
oD oD 1—g¢
T T
=vy,—u = C,C =vy,—uy = C,C 3.12
fk,l Vo 8k1u0 1L, flc,? Vo 8k2u0 1 22—q’ ( )
and the vector £, = (f,1, f,2) with the components
0A q(3 —q)? 0A 2 — 3
_ T _ T
=v,—uy = =v,—uy = . (3.13
Jor=vog W =55 3 19 Je=Vog W= na 13,119 O
Therefore, condition (2.37) takes the form
2—q l—gq
f, Ak) = k ky ] =0 3.14

From this equation we find the ordinate of the point ”02”

ko 42k
okt ky

which completely coincides with the ordinate given by the first of Eqgs.(3.8). Sub-

stitution of this ordinate into equation of the divergence boundary (3.5) yields the
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second coordinate, which evidently coincides with the second of Eqgs.(3.8). From the
other point of view at a point of the divergence boundary with the ordinate ¢ the
double zero eigenvalue does not rebound from the imaginary axis if

kg1

= 3.15
M2 ¢ (3.15)

Linear approximation of the flutter boundary in the vicinity of 0%.
Thus, for the fixed ratio k1 /ky there exists a point (3.8) on the divergence boundary,
where the zero eigenvalue remains double and the flutter boundary on the plane
(n,q) passes through this point as shown in Figure 6. With a change of one of the
parameters k; or ky the flutter boundary rotates around the point ”0%”. This effect
is known also for the continuous systems [11]. To understand how sensitive is the
flutter boundary to the changes in the dissipation parameters it is interesting to find
the linear approximation of the boundary in the vicinity of the point (3.8).

Calculating the first partial derivatives of the function R(n,q, ki, ko) given by
Eq.(3.7) with respect to the parameters  and ¢ we get the coefficients

B 5 8 + 238 ke
a—(12ﬁ2+20ﬁ—3+m>5/€%+(—24ﬂ—10+m>5, 5_/617
b= (—652—5—6+%> 6k%—652—285+27—%, (3.16)

of the linear approximation aAn 4+ bAq = 0 of the asymptotic stability boundary in
the neighborhood of the point ”0?”, which has the coordinates given by Eq.(3.8).

For example, at the point of the divergence boundary with the coordinates

199 23
[ — = — 3.17
o 368’ do 13’ ( )
the double zero eigenvalue does not rebound from the imaginary axis if according
to equation (3.15)
3

Substituting ratio (3.18) into Eqs.(3.16) we get the linear approximation of the
flutter boundary near the point (3.17)

3864 . 10626 199 3549 . 26299 23
202 —) < _ —) _ (—k2 —) ( _ —) — 0. 3.19
(1625 1T 295 )\ 363 57500 T 1600 ) YT 13 (3.19)

The flutter boundaries with their linear approximations given by Eq.(3.19) for the

different values of parameters k; and ky are shown in Figure 6.
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Rebound of the double zero eigenvalue from the imaginary axis. Con-
sider a point of the divergence boundary with the coordinates

36

=0, q = 5

(3.20)

and fix the coordinate ny. According to Eqs.(3.12), (3.13) the vector f; and the
quantity f, o evaluated at the point (3.20) are

11-3v5 11-3v5 3—5 11-3v5
Jei = TR Jeo = 38 5 fo2 = —T(5 +/5). (3.21)

Due to addition of the damping parameters the double zero eigenvalue rebounds
from the imaginary axis at the value of the parameter ¢ = ¢,, which follows from
Eq.(2.35) after the substitution of Eqs.(3.20), (3.21)

2
3—v5 /11 49 3+v/5
q*zi‘[— <——— 5) <k2+ 2\[141) <o (3.22)

2 38 380

and becomes double non-zero according to the formula

f., Ak 12 — 55 3 )
)\1:)\2:_<k7 > _7\/_ <k2—|— +2\/_k1>

2 38

(3.23)

On the divergence boundary ¢ = ¢y we have

12-5v5 <k2 43t \/514,1> C (3.24)

)\1 = 0, )\2 = —<fk,Ak> == — 19 9

Compare the theoretical results with the numerical computations for the point

V5
2

3
m=0, &= ~ 0.38196601, k, =0.1, ky=0.1. (3.25)

From the characteristic equation (3.3) we find the coordinate of the point ¢* with

the double non-zero eigenvalue

¢* = 0.38181696, A\ = Ay = —0.00780441. (3.26)
Approximate formulae (3.22), (3.23) give

¢* = 0.38181696, A\ = Ay = —0.00780410. (3.27)

One can conclude looking at expressions (3.26) and (3.27) that the theory developed
is in a very good agreement with the numerical results.
Approximation of the domain of asymptotic stabilization. Consider the

case when 17 = 1 and the force ¢ acts on the free end of the pendulum being always
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tangent to the bar (if, additionally k;=Fky, we get the pendulum considered by H.
Ziegler [2]). Then, the characteristic polynomial (3.3) takes the form

2AY + (kg + k)N + (krky — 2 + T)A2 + (ki + ko) +1 = 0. (3.28)
If the damping is absent, then the system is marginally stable for the loads ¢ < qq,

where the critical load gy corresponds to the double eigenvalue \g= =+ iwy

7

wo =2~ Q@ = g —V2. (3.29)

Substituting n=1 in Eq.(3.7) we find the critical load of the damped system [§]

4k + 33k ko + 4k3 1
o = “kyks. 3.30
Gor = Q7 + Thiky + 6k2) | 212 (3:30)

The domain of asymptotic stability is defined by the inequality ¢ < g.;.

Now we apply the theory developed in Section 2 to approximate the asymptotic
stability domain. First of all we should find the right and left Jordan chains of the
double eigenvalue \g=iwy at the load gy given by Eq.(3.29). Solution of Egs.(2.4)
and the second of Eqgs.(A23) yields

5v2—6 o 5v2 — 6 V2+4 iwy | 8v2—-10
= s Wi =3d1W y Vv y Vi=———
3242 |7 0 2| 7 112 | 36-19v2
2 . 0D .
s=1 S

Evaluation of the vectors fy, f, and hy, h, as well as the matrices H; and Gy, given
by Eqs.(2.8),(2.9), and Eq.(2.17) yields:

1] 1=v2 1 1 | 1+v2 V2
fk—é > fq: ; h, = — h_wo—;
6—v/2 4 8wo | 64+1/2 4
1 0 2 — /2
H,—0, G—- V2 | (3.32)
2 -2 14-8V2

Substitution of the vectors and matrices given by Eq.(3.32) into Eq.(2.21) yields

e e) (e (i),
3.33

Expression (3.33) approximates asymptotic stability boundary given by Eq.(3.30)
in the vicinity of the point (3.29). Substituting formulae (3.32) into Eq.(2.24) and

taking into account that

fr2
fea

5v2 5+2f

= —(5V2+4), wolhpifro — hrafri) = —
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Qo-0.5

o " " o1 " " 02 -02 -01 0 01 02 03 04 05
Figure 7. Stabilization domains for the Herrmann-Jong pendulum in the plane
(k1, k2): Bold lines — exact solution (3.30), Dashed lines — approximation (3.33),

Thin lines — approximation (3.34).

we find the approximation of the boundary of the stabilization domain in the plane

of the parameters (ki, k2) for ¢., = qo:

ki = (44 5V2)ks £ /50(133 + 94v2)k2 + O(K2). (3.34)

Asymptotics (3.34) of the stabilization domain were derived first in [19, 20] by
the analysis of the Routh-Hurwitz inequalities for the Herrmann-Jong pendulum.
Thus, we have obtained exactly the same result analyzing splitting of the double
eigenvalue with a change of parameters.

The level curves of the boundary of the stabilization domain in the plane of the
dissipation parameters ki, ks given by Eq.(3.30), Eq.(3.33) and Eq.(3.34) are shown
in Figure 7 by thick, dashed and thin lines, respectively. One can see that Eq.(3.33)
gives more accurate approximation of the level curve for ¢, = ¢y than Eq.(3.34)
because the latter contains only second order terms w.r.t. the parameter ks.

Substitute k1= cos v, ka=0sin v in Eq.(3.30) and consider a limit as § goes to

zero. Then,
: 4 4+ 33 cosarsin o
lim
= ) 3.35
Qer 12 + 14 cos asin ¢ — 10 cos a? (3:35)
Transforming Eq.(3.33) by the same way we get
im 314 — 1444/2 4+ (21/2 + 168) cos arsin a + (140v/2 — 285) cos o2 (3.36)
gm = . .

er (2 + V2) cosa + (2 + 61/2) sin a)?

The graphs of function (3.35) and its approximation (3.36) are shown in Figure
8. One can see that the limit of the critical load depends on the direction in the

plane of parameters, so the function g..(k1, k2) has no limit when ki, &y tend to zero.
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0O 02 04 06 08 1 12 14
Figure 8. The critical load ¢%“™(«) for the Herrmann-Jong pendulum at n = 1:

cr

Thick line — Eq.(3.35), Thin line — Eq.(3.36).

This fact was noted first in the work [20]. The function ¢! («) < go. This reflects a
jump in the critical load due to small damping [3, 4]. However, for k;=(44+5v/2)k,
(corresponding to av =~ 0.09008) a small dissipation stabilizes the pendulum, because
in this case exact equation (3.30) as well as its approximation (3.33) take the form

k2
Qer = Qo + 32(4 + 5V/2). (3.37)

One can see that ¢ is a function of one of damping parameters and goes to ¢y as

lim

o = qo exactly

ks — 0. Both curves given by Eqgs.(3.35), (3.36) have a maximum q
at the same point v = arctan(1/(445v/2)) as shown in Figure 8. Therefore, equation
(3.36) allows one to evaluate a jump in the critical load due to small damping with
a good accuracy for the directions from a narrow angle in the plane of parameters
ki and ky. However, Eq.(3.33) gives a good approximation of asymptotic stability

boundary (3.30) in the vicinity of the point (3.29), as one can see in Figure 7.

4 Analysis of characteristic polynomial

It is interesting and practical to express the conditions of asymptotic stability of the

linear circulatory system perturbed by the velocity-dependent forces

d*y dy
M—Y + D=L 4 Ay = 4.1
o5 +tD— + Ay =0 (4.1)
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directly in terms of the entries of the m x m matrices M, D and A. However, even in
the case of systems with two degrees of freedom such a representation in the general
case is not evident [14, 31].

It turns out that the characteristic polynomial P(\)=det(A2M+AD+A) of sys-
tem (4.1) has a compact form, which is convenient for the investigation of stability.
According to Eq.(B7), for the systems with 2 degrees of freedom the polynomial

written in such a form looks like
P()\) = det MA* + tr(D'M)A? + (tr(AT™M) + det D)A? 4 tr(ATD)A + det A, (4.2)

where D' and AT are the matrices adjoint to D and A [29]

D — [ dyy  —di2 ] AT — [ G2 —a12 ]

—dy; dyy —a21 a1

In the case of arbitrary degrees of freedom the powerful tool allowing to represent a
characteristic polynomial by means of the invariants of the matrices involved is the
Leverrier-Faddejev algorithm, see Appendix B.

Stability of system (4.1) depends on the loci of the roots of the corresponding
characteristic polynomial in the complex plane. In the work [16] the movement of
eigenvalues of a conservative system due to addition of small gyroscopic forces was
investigated with the use of the sensitivity analysis of the roots of the characteristic
polynomial written in the form (4.2). The study of an influence of a small dissipation
on the stability of a circulatory system in the works [21, 22] was based on the same
approach. In all these works the systems with two degrees of freedom were considered
and sensitivities of simple roots were derived and taken into account.

In the works [14, 17] a problem of determining a structure of the matrix D,
which realizes the stable perturbation of a circulatory system was posed. The meth-
ods proposed in these works deal with the eigenvalue problems and use eigenvalues
and eigenvectors. In this Section we will show that at least for the systems with two
degrees of freedom the analysis of the characteristic polynomial written in the form
(4.2) allows one to find the structure of the stabilizer D in an easy and straight-
forward way with a clear interpretation as well as to find the approximation of the
domain of asymptotic stability.

The Routh-Hurwitz criterion and its interpretation. Consider non-conser-
vative system (4.1) with m=2 degrees of freedom. Restrict our consideration to the

case when M is the identity matrix. Then, polynomial (4.2) takes more simple form
P(A\) = M + t1DA® + (trA + det D)A? + (trAtrD — tr(AD))A +det A, (4.3)
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Assume that for D = 0 the spectrum of the unperturbed circulatory system

d*y

— 4+ Ay =0 4.4

dt2 + y ( )
consists of the double purely imaginary eigenvalue \g=iwy with the Jordan chain of

length 2. The necessary and sufficient condition for Ay to be double is

trA\?
det A = (%) . (4.5)
In this case A
t
W2 = % (4.6)

Circulatory system (4.4) belongs therefore to the boundary between the stability and
flutter domains [26] and is unstable. How should one choose the matrix D of the
velocity-dependent forces to make circulatory system (4.4) asymptotically stable?
Applying the Routh-Hurwitz criterion of asymptotic stability to polynomial (4.3)
and taking into account conditions (4.5), (4.6) we find the inequalities describing

the asymptotic stability domain in the vicinity of the circulatory system (4.4)
trD>0, 2w? +detD>0, 2witrD—tr(AD)>0, wj >0,
det DtrD(2witrD—tr(AD))>(witrD — tr(AD))?. (4.7)
One can see that inequalities (4.7) are equivalent to the following three conditions
trD>0, detD>0, det DtrD(2witrD—tr(AD))>(witrD — tr(AD))%.  (4.8)

Inequalities (4.8) are the necessary and sufficient conditions for the matrix of the
velocity-dependent forces D to make circulatory system (4.4)—(4.6) with 2 degrees
of freedom asymptotically stable.

One can see from Eqs.(4.8) that three parameters trD, det D, and tr(AD) nat-
urally appear in the stability conditions. The asymptotic stability boundary is

therefore a surface
det DtrD(2witrD—tr(AD))=(wjtrD — tr(AD))?, trD>0, detD>0.  (4.9)

in the space of the parameters trD, tr(AD), and det D, Figure 9.

Let us show that for small velocity-dependent forces this surface is the well-
known Whitney umbrella [24]. For this purpose we assume D = D, where € > 0
is a small parameter. From equation (4.9) we can find that on the boundary of the

asymptotic stability domain

2~ [ = det D
tr(AD) = trD | wi — 6§detDj:ew0 det Dy|1 + € z — | =
wo
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trAD

trAD=aw,trD

Figure 9. The geometrical meaning of the Routh-Hurwitz conditions (4.8):
The Whitney umbrella (the tangent cone is hatched).

= trD(w? £ ewp\/ det D 4 O(€?)). (4.10)

Equation (4.10) without term O(e?) rewritten in the form
(tr(AD) — witrD)? = w2(trD)? det D (4.11)

describes the surface XY? = Z? known as the Whitney umbrella [24] with X =
det D, Y = wytrD, Z = tr(AD) — witrD.

Therefore, for fairly small perturbations D asymptotic stability domain (4.8)
in the neighborhood of the circulatory system (4.4)—(4.6) is approximated by the

following inequalities
trD >0, detD >0, wj(trD)?detD > (tr(AD) — wjtrD)?. (4.12)

One can see that the asymptotic stability exists inside of a half of the Whitney
umbrella, shown in Figure 9 in the space of the parameters trD, det D, and tr(AD).
At the origin the stability domain has a generic singularity ” deadlock of an edge” [23,
24], corresponding to the double eigenvalue iwy of the matrix A of the unperturbed
circulatory system (4.4).

Tangent cone to the stability domain and the structure of a stabilizer.
Surface (4.9) has common points with the plane trD, tr(AD) only along the line
tr(AD) = witrD. Two inequalities (4.9) distinguish the part of the plane con-
taining this line and the vertical axis situated inside of the stability domain in a
neighborhood of the origin. Thus, the tangent cone to the domain of the asymptotic

stability at the origin (hatched in Figure 9), that is a set of direction vectors of the
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curves starting at this point and lying in the stability domain [23], is defined by the
conditions
2tr(AD) = trAtrD, detD >0, trD > 0. (4.13)

Proposition: Sufficient conditions for a small 2x2 matriz D to stabilize a circu-

latory system (4.4) with a given 2x2 matriz A satisfying Eq.(4.5) are Eqs.(4.13).
Let us find the explicit form of the symmetric matrices realizing the perturbations

stabilizing a circulatory system. Expressing the equality from (4.13) by means of

the entries of the matrices A and D we get
(dog — di1)(ag2 — a11) + 2(a12dar + ag1dia) =0,  diz = day. (4.14)

Isolating the term dj5 in Eq.(4.14) we can write the structure of the matrix D as

d (a22—a11)(d11 —d22)
D= 1 2(a12+a21) (4 15)
(a22—a11)(d11—d22) d ’ ’
2(a12+a21) 22

The structure (4.15) of the symmetric 2x2 matrices was found earlier in the
work [14]. However, to stabilize a circulatory system the matrices D with such a
structure must also satisfy the two inequalities (4.13). Calculating the determinant
of matrix (4.15) and taking into account the positiveness of its trace we get the

additional conditions on the entries of the symmetric matrix D

vVe—1 dy e+l

< —X

Vi+1l dy  Jr—1

Therefore, symmetric matrices D with the structure given by Eqs.(4.15)—(4.16) re-

dy1, dag >0,

022—a11>2 (4.16)

r=1+ <
a12 + a2

alize stable perturbations of circulatory system (4.4), (4.5) with two degrees of free-

dom. Note that conditions (4.16) were not found in the work [14].

Sensitivity analysis of the roots of a characteristic polynomial. An
analysis of the behaviour of eigenvalues of the characteristic polynomial gives an
additional information on the stability and paves the way for a new interpretation.

Consider a linear autonomous non-conservative system with two degrees of free-
dom. Let the unperturbed circulatory system (4.4) have the double eigenvalue
Ao = 1wy with the Jordan chain of length 2. Perturbation of the circulatory system

by the matrix eD gives the increment to the double eigenvalue:
Ae) = iwy + Ve + poe + ofe). (4.17)

The coefficients p; and us are expressed by means of the derivatives of the

characteristic polynomial P (A, ¢)
P\ €) = X +etrDA? + (trA + €% det D)A? +¢(trAtrD — tr(AD)) A +det A, (4.18)

25



o _GOP (BP\T - (10°POP 2P0 (OP\) (2PN o
=" \axe) * "7 \3003 9 9x2 e Lo ox ) -\

Therefore, the double root iwy of the polynomial P(\, €) splits with the variation

of € into two eigenvalues A\;, Ay according to the formula [23]

| oP [(102P\! 1PPOP 9P 0°P\[0°P\ >
Mz = WmJ “oe (537) e (5 TN D o aw)(w) Fole), (420

if the radicand in Eq.(4.20) does not vanish. In the degenerate case when

oP
— =0 (4.21)
e e=0, A=iwq
the double eigenvalue splits linearly in e:
A(€) = iwy + pe + o(e), (4.22)

where the coefficient p is a solution of the following quadratic equation
,10%P N 0?P N 190%P

200 " Morae T2 0e
To derive Eq.(4.23) substitute Eq.(4.22) into the Taylor expansions of the func-

1 = 0. (4.23)

tion P (), ¢€), collect the terms with the same powers of €, and equate them to zero.
Then, the equation corresponding to € is Eq.(4.21) and the equation corresponding
to € is Eq.(4.23).

Let us now turn our attention to polynomial (4.18) and find how the double eigen-
value 1wy splits along the stability boundary. Substituting the expression for trAD
given by Eq.(4.10) into characteristic polynomial (4.18) we find that its first deriva-
tive with respect to € becomes zero. Therefore, the splitting of the double eigenvalue
iwp along the asymptotic stability boundary (4.9) is governed by Eqs.(4.22),(4.23).

Calculating the second derivatives of polynomial (4.18) under condition (4.10)

and using them in Eq.(4.23) we obtain the quadratic equation on the coefficient
1 1 1
1+ potrD + et D & ZZtrD\/det D = 0. (4.24)

Calculating the roots of complex polynomial (4.24) with the use of Eqgs.(C4) we find

the expressions describing the splitting of the double eigenvalue iwy
A = iwo F igm Fole), Mo =iwy+ igm - %trD +ole).  (4.25)
For the complex-conjugate eigenvalue —iwy, we have
N = —iwp £ igm +o(e), N, = —iwpF igm - %trD +o(e). (4.26)
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One can see from Egs.(4.25), (4.26) that if simultaneously det D>0 and trD>0,
then the double purely imaginary eigenvalue splits on the stability boundary into
purely imaginary eigenvalue and complex eigenvalue with negative real part. If these
conditions are not valid, then complex eigenvalue with positive real part occurs as a
result of the splitting. Thus, the above considerations give another (rather analytical
than geometrical) explanation of asymptotic stability domain (4.8) as well as of
sufficient conditions (4.13) for a small perturbation D to stabilize circulatory system
(4.4), (4.5).

Example 1. We first consider the linear non-conservative system with 2 degrees

of freedom with the generalized coordinates y,(¢) and y2(t) [3, 7, 20]:

d? dy,

dtyzl kl% + wi(y1 + gbiaye) = 0,

d? dyo

dzf + ko—= dt + Wz(y2 + gba1y1) = 0, (4.27)

where w; and ws are the eigenfrequencies of a conservative system, k; and ko are
the dissipation parameters, ¢ is the non-conservative load parameter, and bys, boy
are the coefficients of the matrix of non-conservative positional forces. It is assumed
that biaby; < 0 [20]. In this case

M:[l 0], D:[kl 0], A:[ i “’%qb”]. (4.28)

0 1 0 ko wigbyr w3

The matrix A has the double eigenvalue iwy, when the parameter ¢ reaches its

critical value
|w2 - LU1|

qo = .
2w1wav/ —bi2bay

If the dissipation parameters k; = 0, ko = 0 and the load parameter ¢ is equal to ¢

(4.29)

given by Eq.(4.29), then system (4.27) is circulatory and belongs to the boundary
between the stability and flutter domains. The matrix of the dissipative forces D in
(4.28) is symmetric. If k1=k,>0, then according to Eqs.(4.15), (4.16) it realizes the
stable perturbation of the initial circulatory system.

A more delicate result can be obtained after calculation of the quadratic ap-
proximation of the stability domain in the plane of parameters k;, k3. This domain
defined by inequalities (4.8) has a boundary, which is a part of the surface (4.9)
approximated by Eq.(4.11). All the ingredients needed to apply Eq.(4.11) are

trA :wf + w3 2

5 5 0

trD:k1+k2, detD:kle, trAD:klwf—i—kag. (430)
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Substitution of Egs.(4.30) into Eq.(4.11) yields

24 w2 yJwi+ ws
klwf+k2w§:(k1+k2)w1;w2i 1/5 2 by + ko) \Jhika,  kiyks > 0. (4.31)

Seeking for the coefficient k; in the form k; = aky+bk3 +o(k3) we get from Eq.(4.31)

24/2(w? 4+ w2 4
a=1, b=+ (21 22):i i
Wy — W3 Wy — W3

Finally, we arrive at the following equation, describing the stabilization domain

2¢/2(w? + w3
ky = ky + %ki + o(k2). (4.32)

Wy — W3

Approximation (4.32) exactly coincides with the equation of the stability boundary
obtained earlier in the work [20] from the Routh-Hurwitz criterion applied directly
to system (4.27).

Example 2. Consider again the Herrmann-Jong pendulum (3.1), (3.2) assuming

n = 1. Since det M # 0 we can rewrite Eq.(4.1) in the following form

d*y dy
—~ 4+ M D=2 +M Ay = 4.
s + o + y =0, (4.33)
where
1| ki+2ky,  —2k 1]3-— —9
M D=_| "7 21, MlA=-> i1 L (434)

To find the approximation of the stability boundary (4.11) in the plane of parameters

ki and ko we should just evaluate the invariants of the matrices at the point ¢ =

7/2 — /2 corresponding to the double eigenvalue i271/4:

1 1
tr(M™A) =2, tr(M™'D) = Sk + 3k, det(M™'D) = ik,

tr(M 'AM 'D) = (-% + g) ki + (-% + 3\/§> ks. (4.35)

Now substitute Eqgs.(4.35) into Eq.(4.11) and obtain

1 V2 1 1 /1 1 /1 1
(—5 + 7) ki + <—§ +3\/§> ko = /3 <§/€1 +3/€2> i”ﬁ (51%'1 +3k2> Vikle'

Looking for the coefficient k; in the form k; = aky + bk2 + o(k3) finally we get

ki = (5v/2 + 4)ky £ /50(133 + 94v/2)k2 + o(k2). (4.36)
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Stability boundaries (4.36) were first obtained in [19, 20] by the direct analysis of
the characteristic equation of the Herrmann-Jong pendulum. It should also be noted
that Eq.(4.36) completely coincides with Eq.(3.34) obtained by another approach
based on the analysis of the eigenvalue problem.

Now we find the general structure of the symmetric matrices M~'D stabilizing
the Herrmann-Jong pendulum (4.33), (4.34). Evaluating the coefficients in Eq.(4.15)

we obtain ”
d V2 (dyy — d
M'D=| . H 5 (022 = du) (4.37)
% (dag — diy) dao
The entries of matrix (4.37) must satisfy the inequalities (4.16) that look here like
d
0.02044 = 17 — 12V/12 < =2 <17 + 12V/12 = 33.9706. (4.38)
22

In the work [14] the stabilizing symmetric matrix M~'D was found in the form

b L=

M-!D =
Li—1ly by

] , by = 3(l1 + lg) + 2\/§(l1 — lg), li+1; > 0. (439)

One can verify that for [; = [, the characteristic equation is
M 4600 + V202 + (3v2 = 3/2))A +1/2 = 0. (4.40)

If we take, for example, [; = 1 in Eq.(4.39), then the complex eigenvalues with the
positive real part
A =0.0109 + ¢0.67772. (4.41)

are the roots of Eq.(4.40). This result is a consequence of the fact that the coefficients

by cited in (4.39) were found in [14] incorrectly. The correct coefficients are
be = 3(1y +Io) £ 2v2(l, — ). (4.42)
In this case the characteristic polynomial corresponding to [; = [, has another form
AL 12030 + (V2 + 361202+ 6AL V2 + 1/2 = 0. (4.43)

For [; = 1 all the roots of polynomial (4.43) have negative real parts.

However, even with the correct coefficients (4.42) it is possible to find the combi-
nation of the parameters [; and Iy (I; + I3 > 0) so that matrix (4.39) will destabilize
system (4.33). According to Eq.(4.38) we take

297 +202V2

= N Sy ~51.4324 b,
297 —202v/2 *
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In this case [; = 100, [, = —1, [; +[3 > 0. The corresponding characteristic equation
AL 4 594X% + (V2 — 3600)A2 4 499v2\ +1/2 = 0
has two negative and two positive real roots
A1 = —599.999, A\, = —0.00071, A3 = 0.20363, Ay = 5.79668.

Thus, the matrix that has a structure defined by Eq.(4.39) can destabilize system
(4.33), (4.34). This fact shows the importance of conditions (4.38) (that are a
particular case of conditions (4.13) and (4.16)) for the matrices of small velocity-
dependent forces having a structure (4.37) to stabilize a circulatory system with two

degrees of freedom. These conditions were missing in the work [14].

Conclusion

The problem of the influence of small forces dependent on velocity on the stabil-
ity of linear autonomous non-conservative systems is considered. Two approaches
based on the sensitivity analysis of eigenvalues and of the roots of the characteristic
polynomial are developed and used for this purpose.

Explicit formulae describing splitting of multiple eigenvalues of a linear operator
smoothly dependent on a spectral parameter and a vector of real parameters are
derived both for the generic case and for some degenerations.

With their use the explicit formulae approximating the domain of asymptotic
stability for the non-conservative system with m degrees of freedom dependent on
parameters corresponding to small velocity-dependent forces and non-conservative
positional forces are constructed. Approximations of the stabilization domain in
the space of parameters corresponding to small velocity-dependent forces are found.
These formulae allow one to calculate approximately the jump in the critical flutter
load due to addition of small velocity-dependent forces.

The explicit asymptotic formulae describing behaviour of eigenvalues in the com-
plex plane due to action of velocity-dependent forces and positional non-conservative
loads are derived. With their use the change in the static and flutter instability
mechanisms due to small velocity-dependent forces is investigated.

With the use of the Leverrier-Faddejev algorithm the explicit expression for the
characteristic polynomial of an m X m matrix by means of its invariants is obtained.
Such a representation is found also for the characteristic polynomial of a quadratic

matrix pencil.
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These results are applied for the detailed investigation of the stability of general
non-conservative systems with 2 degrees of freedom. The necessary and sufficient
conditions of asymptotic stability are obtained in terms of the matrices of the system.
The geometrical interpretation of these conditions is given. The tangent cone to
the asymptotic stability boundary giving simple and practical sufficient conditions
of asymptotic stability is found. The structure of a stabilizing velocity-dependent
perturbation of a circulatory system is established. The approximations of the
asymptotic stability domain are obtained.

The developed theory is compared with the results of earlier investigations and
used for the study of the classical mechanical problems by H. Ziegler, V.V. Bolotin
and G. Herrmann. The examples considered show the applicability and accuracy of

the theoretical results obtained in the present paper.

Acknowledgement

It is a pleasure to thank Professor Pauli Pedersen and the Department of Mechanical
Engineering, Technical University of Denmark, where the research for this paper was
carried out during a wvisit in October-November, 2002. The author is grateful to
Professors Wolfhard Kliem and Alexander Seyranian for valuable comments. The
work was supported in part by the grants RSCI ”Young Scientists of Russia” and
RFBR-NSFC No. 02-01-39004.

References

[1] Thomson W. and Tait P.G. 1879. Treatise on Natural Philosophy. Cambridge
University Press: Cambridge.

[2] Ziegler H. 1952. Die Stabilitétskriterien der Elastomechanik. Ingenieur-Archiv.
20. P. 49-56.

[3] Bolotin V.V. 1963. Non-conservative Problems of the Theory of Elastic Stability.

Pergamon Press: Oxford.

[4] Herrmann G. 1967. Stability of equilibrium of elastic systems subjected to non-
conservative forces. Appl. Mech. Revs. 20(2). P. 103-108.

[5] Seyranian A.P. 1990. Destabilization paradox in stability problems of non-

conservative systems. Advances in Mechanics. 13(2). P. 89-124.

31



[6] Bloch A.M., Krishnaprasad P.S., Marsden J.E., Ratiu T.S. 1994. Dissipation
induced instabilities. Annales de I’Institut Henri Poincaré. 11(1). P. 37-90.

[7] Bolotin V.V., Grishko A.A., Panov M.Yu. 2002. Effect of damping on the post-
critical behaviour of autonomous non-conservative systems. International Jour-
nal of Non-Linear Mechanics. 37. P. 1163-1179.

[8] Herrmann G. and Jong I. C. 1965. On the destabilizing effect of damping in
nonconservative elastic systems. ASME J. of Applied Mechanics 32(3). P. 592—
297.

[9] Herrmann G. and Jong I. C. 1966. On nonconservative stability problems of
elastic systems with slight damping. ASME J. of Applied Mechanics 33(1). P.
125-133.

[10] Nemat-Nasser S. and Herrmann G. 1966. Some general considerations concern-
ing the destabilizing effect in nonconservative systems. Z. Angew. Math. Phys.
17(2). P. 305-313.

[11] Bolotin V.V. and Zhinzher N.I. 1969. Effects of damping on stability of elastic
systems subjected to nonconservative forces. Int. J. Solids Struct. 5(9). P. 965—
989.

[12] Done G.T.S. 1973. Damping configurations that have a stabilizing influence on
nonconservative systems. Int. J. Solids Struct. 9(2). P. 203-215.

[13] Walker J.A. 1973. A note on stabilizing damping configurations for linear non-
conservative systems. Int. J. Solids Struct. 9(12). P. 1543-1545.

[14] Banichuk N.V., Bratus A.S., Myshkis A.D. 1989. Stabilizing and destabilizing
effects in non-conservative systems. PMM U.S.S.R. 53(2). P. 158-164.

[15] MacKay R.S. 1991. Movement of eigenvalues of Hamiltonian equilibria under
non-Hamiltonian perturbation. Physics Letters A. 155(4,5) P. 266-268.

[16] Haller G. 1992. Gyroscopic stability and its loss in systems with two essential
coordinates. International Journal of Non-Linear Mechanics. 27(1). P. 113-127.

[17] Seyranian A.P. 1990. Interaction of eigenvalues. Preprint No. 446 of the Insti-

tute for Problems in Mechanics. Moscow: U.S.S.R. Academy of Sciences.

32



[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

Seyranian A.P. 1993. Sensitivity analysis of multiple eigenvalues. Mechanics of
Structures and Machines. 21(2). P. 261-284.

Seyranian A.P. and Pedersen P. 1995. On two effects in fluid/structure interac-
tion theory. Flow-Induced Vibration, Bearman (ed). Rotterdam: Balkema. P.
565-576.

Seyranian A.P. 1996. On stabilization of non-conservative systems by dissipative
forces and uncertainty of critical load. Doklady Akademii Nauk. 348 (3). P. 323~
326.

O’Reilly O.M., Malhotra N.K. and Namachchivaya N.S. 1995. Reversible dy-
namical systems: dissipation-induced destabilization and follower forces. Ap-
plied Mathematics and Computation. 70. P. 273-282.

O’Reilly O.M., Malhotra N.K. and Namachchivaya N.S. 1996. Some aspects
of destabilization in reversible dynamical systems with application to follower

forces. Nonlinear Dynamics 10. P. 63-87.

Mailybaev A.A. and Seyranian A.P. 1999. On singularities of a boundary of the
stability domain. SIAM J. Matriz Anal. Appl. 21 (1). P. 106-128.

Arnold V.I. 1983. Geometrical Methods in the Theory of Ordinary Differential
Equations. New York and Berlin: Springer Verlag.

Seyranian A.P. 1994. Bifurcations in one-parameter circulatory systems. Izv.
Ross. Acad. Nauk. MTT. 19(1). P. 142-148.

Seyranian A.P. and Kirillov O.N. 2001. Bifurcation diagrams and stability
boundaries of circulatory systems. Theoretical and Applied Mechanics. 26. P.
135-168.

Vishik M.I. and Lyusternik L.A. 1960. Solution of Some Perturbation Problems
in the Case of Matrices and Selfadjoint or Non-selfadjoint Equations. Russian
Math. Surveys 15(3). P. 1-73.

Bilharz H. 1944. Bemerkung zu einem Satze von Hurwitz. Z. Angew. Math.
Mech. 24. P. 77-82.

Gantmacher F.R. 1959. The Theory of Matrices, Volumes 1 and 2. New York:
Chelsea.

33



[30] Pedersen P., Seyranian A.P. 1983. Sensitivity analysis for problems of dynamic
stability. Int. J. Solids Structures. 19(4). P. 315-335.

[31] Beletsky V.V. 1995. Some stability problems in applied mechanics. Applied
Mathematics and Computation. 70. P. 117-141.

[32] Naimark M.A. 1967. Linear Differential Operators. Part I. New York: Ungar.

[33] Miiller P.C. and Schiehlen W.O. 1985. Linear Vibrations. Dordrecht, The
Netherlands: Martinus Nijhoff.

[34] Abramovitz M. and Stegun I.A. 1972. Handbook of Mathematical Functions.
New York: Dover. P. 823-824.

[35] Kliem W. 1987. The dynamics of viscoelastic rotors. Dynamics and Stability of
Systems. 2(2). P. 113-123.

34



Appendix A

Bifurcation of multiple eigenvalues of a linear operator. Consider an eigen-
value problem for a linear matrix operator L whose coefficients smoothly depend on

a complex spectral parameter A and a vector p € R"”
L(\, p)u = 0. (A1)

At a fixed vector p a value Ay of the spectral parameter, at which there exists a
nontrivial solution ug of Eq.(A1), is called eigenvalue whereas the vector uy is called
eigenvector of the operator L at the eigenvalue .

Suppose that at p = po there exists a k-fold eigenvalue )y, which possesses a
Jordan chain of vectors consisting of only one eigenvector uy and associated vectors
uy, ..., Uy 1. Denote Ly = L(\o, po). The vectors of the Jordan chain satisfy the
equations [32]

. 10L

S, s=1,.. k-1, A2
Loy e 8 (A2)

Louo = 0, Lous = —

where partial derivatives are evaluated at A = Ag.
The Jordan chain at the complex-conjugate eigenvalue Ao of the operator L*
adjoint in the sense of Hermite to L is defined by the equations [32]
S 1 aT‘L*
:[jx< — 0 L* s — — — =7
oVo ) oV Z Y v

r=1

oy s=1,...k—1. (A3)

Let us take a variation of the vector of parameters

2
. € ..
p(e€) =po+ep+ 5p + 0(62), e >0, (A4)
where dot indicates differentiation with respect to the small parameter € and all the
derivatives are evaluated at € = 0. Then, L(\, p(¢)) can be represented in the form
of Taylor expansion

LOLp(d) = 3

r=0

(A=Xo)" O"
r! ON

(L+€L;+€Ly) + o(€?), (A5)

where " JL 1 & 0L 1 & 9L
Li=) -0 Lo=5) ——ps+5 . PsDt A6
and all the derivatives are evaluated at p = pg, A = Ag.
The perturbed eigenvalue A(e¢) and eigenvector u(e) are expressed by means of

the Newton-Puiseux series [27]
A=+ e F NP N BTV E e (A7)
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u=uy+wie’F +woe* + .+ wp_ PV fwe+ . (A8)

Substitute expansions (A5)—(A8) into eigenvalue problem (A1) and collect the terms

with the same powers of the small parameter €. Then, the first £ equalities are

= (d 1oL
Low, = — > — Yo Aar A | Wy =100 k=1 (A9)
oo\ st ONs P

S (H 1oL
Lowg = —Liywo — ) BT S AaAay | Wy, als =+ Hay,
i=0 \s=1 5" " |a|,;=k—;

(A10)
where wy is equal to ug and the indexes aq, ..., ap_, are positive integers.
Comparison of Eqgs.(A9) with equations of the Jordan chain (A2) gives coeffi-

cients w, in expansions (A8)

Zu] > AarAay, r=1,.. k=1 (A11)

lalj=r
With the use of vectors (A11) transform Eq.(A10) as follows

k 10L
LOWk :—Llllo—)\kz L ONT Ay Ug— r+ZL0uy Z )‘al"')‘aj- (A12)

Jj=1 lalj=k

Multiplying Eq.(A12) by the left eigenvector vy and taking into account that
V0TL0u1 = ...= Vnguk,1 =0 (A13)

we get the coefficient \; in expansions (A7)

-1

3 k 1 ar
M= vITLu Z V0 o . (A14)

Bifurcation of a double eigenvalue of a linear operator. Consider the
case of the double eigenvalue Ay with the Jordan chain of length 2 in detail.

After perturbation (A4) eigenvalue A(e) and eigenvector u(e) are expressed by
the Newton-Puiseux series (A7), (A8) with k& = 2. Substituting these expansions
along with Eqs.(A5), (A6) into eigenvalue problem (Al) and collecting the terms

with the same powers of € we get the equations

LOW1 = —)\ILIU.O, (A15)

)\2
LOWQZ_)\lLIWI_)\QLIUO_LIUO_2_'1LHUO, (A]_G)
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A2 A3
LOW3:—)\1 L,WQ_)\QL,W1 —)\3Llll0 —L1W1 —)\1L,1U.0— 2—'1L”W1 —)\1)\2:[1”110 — —IL,”U.O,

3!

(A17)
1
L0W4:_)\3L,W1_)\2L1W2_L1W2_)\2L,1u0_5)\%L”u0_)\4L,u0_L2u0_
)\2
— A (L'ws + AL wy + Liw; + A3L"ug) — 2—}(L"w2 + AL ug + Lug)—
A3 Al

i (A18)

where prime (‘= 0/0)) indicates a partial derivative with respect to the spectral
parameter. Note that equation (A15) follows from Eq.(A9) with » = 1 and equation
(A16) is a particular case of Eq.(A10) with & = 2. Thus, the coefficient A; in
expansion (A7) is given by formula (A14) where one should take k£ = 2

T
L
A2 = Yoo (A19)

LT 1L,TTn
VOLU1+§V0L Up

From Eq.(A15) it follows that wi;=A;u;+yug. To get the coefficient Ay one needs
first to substitute the vector w, in the explicit form into Eqs.(A16) and (A17). Then
multiply Eq.(A16) by the left associated vector v; to find the quantity vIL'wy.
Finally, multiply Eq.(A17) by the left eigenvector vg, substitute the term v{ L'wy
into the expression obtained, and isolate the coefficient Aq

vIiLiug + viLiu, + viLiug + A2Q

Ao =
2 2viL'u; + viL"ug

) (A20)

1 1
Q=viLu + E(VlTL"llo +vi L") + gvoTL"'uo.

Choosing the vectors ug, vg, u;, vy so that Q=0 we rewrite Eq.(A20) in the form

_V{LluO + V0TL1u1 + VgLauO

Ny —
2 2viL'u; + viL' ug

(A21)

Therefore, the double eigenvalue Ay of the linear matrix operator L(A, p(¢)) splits

in the case of general position according to the formula
A€) = Ao + M€/ + Nge + o(e), (A22)

with the coefficients A\; and Ay from Eqs.(A19), (A21).
The case when the coefficient \; disappears in Eq.(A22) is degenerate and should
be investigated separately. Substituting A\;=0 into Eqs.(A15)—(A18) we find

Low1=0, Lowy=—XoL'up—L;uy, (A23)
1
LOW4:—)\3L,W1 —)\QLIWQ —L1W2—)\2LIIUQ — 5)\%[4”110 —)\4L,110 —Lgllo . (A24)
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Solving Eqs.(A23) find the vectors w; and wy
wi = fug, Wi = Au; +yup — Go(Liuy), (A25)

where Gy is the operator inverse to Ly. Multiply Eq.(A24) by the left eigenvector
vo. Then, substitute in the result the quantity v{ L'w, obtained from the multi-
plication of the second of equations (A23) by the left associated vector v;. After
this transformation substitute the vectors (A25) into Eq.(A24). Finally, we arrive
at the quadratic equation serving for the determination of the coefficient A, in the
degenerate case

V?L1UO+V81L1U1+V%1LIIUQ Vo Lgllo Vo L GQ(L1UQ)
1 1
vi L'uy+5v{ L"ug vi L'uy+5v{ L'"ug

A5+Ag =0. (A26)

The obtained formulae generalize the results on bifurcation of eigenvalues derived
earlier in [17, 18, 19, 23, 26].

Appendix B

Representation of the characteristic polynomial of a matrix through its

invariants. Consider the characteristic polynomial of a matrix N € R™*™
Pn()) = det(IN — AI) Zpr)\m 4 (B1)

where I € R"™*™ is the identity matrix. The coefficients p, can be expressed through

the invariants of the matrix N according to the Leverrier-Faddejev algorithm [29, 33]
1
po=1, p, = ——tr(NNr 1); No=I, N, =NN, ; +pI r=1. . (B2)
For example,

1 1
Py(A) =A™ = S[teN]A™ ! 4 = ((N)? — 6rN2) A2
1! 2!
1
= ((rN)? = BtrNtrN? + 26rN*) A5t
1
+3 ((erN)* = 6(6rN)26rN? 4 3(6rN?)? + 8trNerN® — 66rN*) A4
where the numerical coefficients at the traces are called multinomial coeflicients

[34]. With the use of the notation from [34] we get the explicit expression for the

characteristic polynomial

N ATk k! trNT\ trNF 4
D)= A"+ 2, = 2 1!---ak!<_ 1 ) <_ K ) ’

(0%
el =k
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||a||k:a1+2a2+...+kak. (B3)

The indexes «; are non-negative integers. Formula (B3) can be proven by induction
taking into account that NN, = N" ™14+ o N"*F1 Since Py(0) = det N, the

following relation is true for an m x m matrix N

(—6rND™ o (<N [ detN, k= m
Z — Y

a a (B4)
o1+2a0+...+kap=k Lovag ! - ko oy 0, k>m
Characteristic polynomial of a block matrix. Let now the matrix IN be a 2 x 2

block matrix

N:{_i _]I)}, (B5)

where the matrix with the zero entries 0, the identity matrix I, and A, D are real
mxm matrices. The characteristic polynomial of the matrix N is defined by the
equation

Py(\) = det(A\* + DA + A).
Application of the algorithm (B2) to matrix (B5) gives

Py ()) = det(A+XT)+A" det (D+AL) —A*"+
(trD)?trA—2trADtrD—trAtrD?+2trAD?

+(trAtrD—trAD)\*™ 3+ 5 Nty
In particular case, when m = 2, we have
Py(A) = A* + trDA? + (trA + det D)\ + tr(ATD)A + det A, (B6)

where the adjoint matrix AT is defined by the relation AA! = Idet A, [29].

For the characteristic polynomial
Pi(A\) = det(M)? + DX+ A)
where M, D, and A are 2 x 2 real matrices we obtain
Pi(A) = det MA* + tr(D'M)A® + (tr(ATM) + det D)A? + tr(ATD)\ + det A. (B7)
The characteristic polynomial with the complex coefficients
Py(A) = det(MM? + (D — iG)\ + (K — iN)) (BS)

where M, D, G, K and N are real m x m matrices and ¢ is the imaginary unit
usually appears in gyrodynamics [35]. On the basis of Eq.(B7) one can get the

explicit form of the polynomial (B8) in the case when m = 2
Py(\) = det MA* + (trD™M — itrGTM) A+
+(det D — det G + trK'M — i(trNTM + trD'G)) A2+
+(trK'D—trNTG—i(trK'G+trNTD)) A + (det K— det N—itrK'N). (B9)
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Appendix C

Stable complex polynomials. Consider a quadratic polynomial with the complex

coefficients
(A — iwp)? + (X — iwy) (a + ib) + (c + id). (C1)
According to the Bilharz criterion [28] the roots of polynomial (C1) have negative
real parts if and only if
c>d—2—b6—i a> 0. (C2)
a?  a’

The asymptotic stability boundary has the form

d? d
c:——ba,a>0. (C3)

a?

In this case the roots of polynomial (C1) are as follows

)\1 = iwo — Zg, )\2 = 'in + ’Lc—i —a —1b. (04)
a a
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