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Deforming the resonance (Arnold‘s) tongues of the spherical  2/25

MHD o? — dynamo with the variation of the boundary conditions

B=0.0 B=0.03 v ‘ B=0.2

B=0.5

B=0.7

Complex eigenvalues with ReA>0:

Complex eigenvalues with ReA<0: Oscillatory instability,
decaying magnetic field generation of the magnetic field,

oscillatory dynamo
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The spherical MHD mean-field o> — dynamo 3/25
In its kinematic regime (see, e.g., U. Guenther, F. Stefani, 2003)

Induction equation: 0.B=VBx(aB)+v, AB, V-B=0

Magnetic diffusivity: v, = const

Helical turbulence function: o = OL(I’)

Decomposition into poloidal and toroidal components:

B=B,+B,B,=VxA; A =—rxVF, B =—rxVF, | F,do=0

System of equations: rxV|v_AF, +aF, —8,F,|=0

r xV[vaFZ “Yoa)@.rF)—arF -8 F, |=0
r
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Derivation of the a? — dynamo operator matrix 4/25

Re-scalingrandt: v,=1, boundary conditions atr =1

A series expansion in spherical harmonics

F,= Zewn O™ (r)Y,"(6,¢) € (Q, r’dr)® L*(S?,dw), Q=[0,1]

I,m,n

Coupled | - modes of the AR 4 g B = g F O™
poloidal amm 1 () () -
and A _F(ara)(ar”:l ) ma AR =4, R
toroidal

o A 1=i25rf25r—|(|j1)
magnetic field components r r
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Boundary eigenvalue problem for the operator matrix 5/25

L(A,a)u:=1%u+lou+lLu=0, U(B)u:=[AB]i=0, xe[01]]

X=r, Uu.= [uliuz]T = [F1’ Fz]T’ i’ = [UT (O)’equ (0), u' (1)’aqu (1)]

| :L 1 O} I:[ 0 O) | —I(1+Dx? -1 a(X)
" lax) 1)t =8a(x) 0) 7 LI0+)x2a(x) -l(1+D)x?2-2

(1 0 0 0) (0 0 0 0)

0100 0 000
A= . B=

0000 Bl+l-B 0 B O

0 00 0 . 0 100
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|dealistic and physically realistic boundary conditions 6/25

Real eigenvalues A(a,) for a(x) = a,= const

ldealistic b. c.: =0 Physically

_ realisticb.c.:. =1
Zeros of Bessel functions:

sz(\/i) 0, 0<yp <yp, < No spectral mesh,
Spectral mesh, lines: non-intersecting curves
Aa)=—p, toyp,, neZ (I=0 — parabolas):
=0 :

A5 (ay) = —(n)? £ ayrn 2 (@) :%(ag 2P,
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Deformation of the spectral mesh for a(x) =

7125

Homotopy parameter in the boundary conditions 3 =0...1
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|dealistic and physically realistic boundary conditions g/25

B =0-lines, spectral mesh [ =1 - parabolas, no mesh
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Nodes of the mesh for 3 = 0 belong to the parabolic curves
described by the same equation as the spectrum for g = 1:

A (o) =(of —n°n°) /14, neZ
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Diabolical points (DPs) at the nodes of the spectral mesh 9/25

1
Node: 17 =1°, Af=-p +eap,, &0=r, uﬁz( Jun
&

2007 1=0, f=0 -
! f Nodal point: (g, 4;)

—

30 Qg =&y +ON Py

Double eigenvalue:
Ay = €6~ PnPr

Two eigenvectors:

us, u

ljl=13 n? m
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Unfolding DPs by perturbation a(x)=¢, +Aa(Xx), f=0 10/25
Indefinite inner product in Krein space: [.,.]=(@J.,.)

] _(0 |j Krein space state of positive type ([u;,u;]>0)

{1 0} =positive slope of the eigenvalue branch 4;(c)

E 1€ O 40 E 1€ O 4,0
Define: 3, EMLCHTN] a, _slkununl e TKGG TG U]
Ven Von b
1
[Ku®,u’]= _anKw DL + I(Ixtl)jumun + ur’nur’,}dx
0

Splitting: 4 = 4%+ A4, AA=[(a, +a,)++/(a,—a,)? +&50?]/2

e =0 (1,>0): A\ isreal; e =-3 (A,¥<0): AL can be complex
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Two branches with the slopes of the same sign — real splitting

-400

300 -

1 Aa(x) =2.5c08(47X)
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11/25

Rei

Two branches with the slopes of different signs — complex splitting
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Resonance effect 12/25

Diabolical point at (n, n+]) node of the spectral mesh:
1=0: A =z°n(n+j), af=7n(2n+j), n,jeZ’

Fourier coefficients of the perturbation Aa.(x):

1 1 1
a, =2 j Aa(x)dx, a, =2 j Aa(x)cos(2zkx)dx, b, =2 j Ac(X)sin(27kx)dx
0 0 0

Perturbation of the eigenvalue at the node:

A=A +%[(2n + j)a, i\/jzag +4n(n+ j)Q:1]
K

(8 o
;Zkzlbk Ak? _ jz
(0,0 +0 )  j=%2,%4,..

’ | = il,i 3, .o
Resonance term: Q; = J
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Resonance pattern of the spectral mesh 13/25

The diabolical points at the nodes (n, n+j) with the same

: . 1 :
|j | are located on a parabolic curve: 4 = Z(agz —7°j%)

200 -
100 - Co ored points:
- odd |
==
-100 .
C : : .
505+ White pomts:
q even |
-300 A
C
—400 -

ljl=13
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Preliminary conclusions 14/25

o a(X)=a,=const, Be[0,1] : All the eigenvalues are real.
Oscillatory instability (dynamo) does not exist

o a(X)=¢q,+Aa(x), =0 :Inthe first approximation only
the nodes selected by the Fourier components of Ao(x)
split into distinct eigenvalues

* The nodes with A,¥> 0 originate positive real eigenvalues
In the avoided crossings (non-oscillatory dynamo regime)

* The nodes with A,¥< 0 can produce complex eigenvalues
with Re A< 0 (decaying magnetic field)

 How to get complex eigenvalues with Re A >0 ?
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Simultaneous perturbation of the o - profile and b. c. 15/25

300

Given ¢(X): o(X) =a,+ 7y ¢(X); 3 parameters: a,, B, and y

300 i /

P(X) =
Complex eigenvalues with Rel > 0 in the ,,prohibited region”  ¢og(4nx)

3001 Rei
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Resonant influence of the ‘hidden’ diabolical points

(a) 100+

80+

60

ReA

I1=0,=0.3
@(X) = COS(2mX)

(b)

100

80

60

16/25

=0,3=0.3
@(X) = cos(4nX)
v=3
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o, B, v — splitting the diabolical points 17/25
Node: (ay,A)), A =e&dz’nm, a =exn+oxm, &,6=+=
After the splitting?:

Mo, By) = 2 — eSa°nmpB + %(am +en)Aa

+ g\/((é'm —en)Aa,) + 4mn(g;/Aa — (=™ ﬂn,B)(é'yAa —(=p™" 7zmﬂ)

Conditions for existence of the complex eigenvalues:
((en — om)Aey,)® +
mn((e + 0)yAa — (=)™ (n+m)Br)’ —mn((e = 0)yAa — (=)™ (n—m) Sr)* <0

1 1
L' Agygi=ay—al, Aa:i= j o(X) cos((en — sm)zx)dx, j o(X)dx =0
0 0
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Approximation of the resonance tongues 18/25

1/2, 2k == (en—om)

p(x) = cos(27kx), Aa = j @(x) cos((en —om)x)dx = { 0, 2k = (en—am)

Two sorts of the resonance domains in the plane (o, v)

Hyperbolic regions for € = -6 (decaying magnetic field):
mn(ey — (n—m)Br)° —4k*(a, — a))’ > mn((n +m) Br)*

Red=—-72'mn(1- p) + g%(n -m)(e, —r, ) <0
Elliptic regions for € = 6 (growing magnetic field):

4k*(ay, — af)> +mn(ey — (n+m)Bx)° <mn((n—m)Br)?

Red = 7z2mn(1—,8)+g%(n +m)(e, —ary) >0
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Resonance tongues and balloons (¢(x)=cos(2nkx), k =2) 19/25

|

¥

* 3 =0: only resonant tongues with Re A <0
are visible in the plane (a,, v)

* B # 0: resonance “balloons” of oscillatory
dynamo with Re A > 0 appear in the
“prohibited” zone in the plane (o, )

« Separate variation of y or 3 does not yield
the oscillatory dynamo

« Simultaneous changing of y and B easily
produces the non-trivial oscillatory dynamo
regions

* v is bounded from the above (in a corridor)
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Comparison with the numerical results (¢(x)=cos(2rkx), k =2) 20/25

3 principal tongues:

y*—4al >167° 6%, 16(a, £27)° + (y £1078)° < 4(y +47pB)°
Infinitely many balloons: n=1,2,...
—(4+2n)7x)* +n(4d+n)(y +2(n+2)Br)* <4n(4 +n)(KBr)’

Y

16(,

(] ’
[

-10n| -8n| —6n y \ 8t |lon %o |
0 B=0.2
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Comparison with the numerical results 21/25

(@)
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3d pictures of Arnold’s tongues (o(x) = cos(2nkx), k=2)  22/25

Planar tongues and balloons are
—
= projections of differently
&
sy g inclined 3d cones
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Two groups of Arnold’s tongues selected by the 23/25
Krein signature at DPs
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Conclusions 24/25

It looks non-trivial to get the oscillatory instability in
the regions were the Krein signature of the crossed
modes is the same

Nevertheless, the answer is simple:
Oscillatory instability is inside the conical tongues
which start at the diabolical points for idealistic

boundary conditions

Just change the point of view...
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Thank you! 23/25

http://www.dyn.tu-darmstadt.de/members/kirillov/

http://onkirillov.narod.ru
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