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The overlapping of characteristic curves often arises
in nonconservative systems, depending on the parame-
tersinvolved [1-4]. The characteristic curves describe
the eigenvalues of an operator for asystem asfunctions
of a chosen parameter, for example, a parameter of a
nonconservative load. The phenomenon consistsin the
fact that, when varying parameters, the characteristic
curves come closer together, merge at a point, and then
overlap, forming a“bubble of instability”. In this case,
the overlapping is accompanied by a discontinuity of
the critical load.

In this paper, explicit formulas describing the over-
lapping in two-parametric honconservative systems are
derived. These formulas use information on a system
only at the merging point and allow usto perform qual-
itative, aswell as quantitative, analysesfor the behavior
of the characteristic curvesin the vicinity of this point.
A quadratic approximation of the flutter boundary is
also obtained. It is shown that the features of the char-
acteristic curves are related to convexity properties of
the flutter instability boundary.

1. We consider a linear autonomous nonconserva-
tive mechanical system without damping and gyro-
scopic forces, which is described by the equation

Mg+Cqg = 0. D

Here, M =MT>0and C # CT arerea m x m matrices
of mass and stiffness, q is the m-dimensional vector of
generalized coordinates, and the dots stand for the dif-
ferentiation with respect to time. System (1) is usualy
referred to as a circulatory system [5, 6]. Let w be the
frequency of oscillations. Substituting g = uexp(iwt)
into (1) and introducing the notation A = M-'C and A =
w’, we arrive at an eigenvalue problem:

Au = Au. (2)
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System (1) isstableif all the eigenvalues of problem (2)
are positive and semisimple. If al the eigenvalues A are
real and some of them negative, then system (1) is stat-
ically unstable (the case of divergence). If at least one
eigenvalue A is complex-valued, vibrational instability
(i.e., flutter) occurs.

2. We suppose that the matrix A smoothly depends
on the two-dimensional vector p = (p,, p,) of real-val-
ued parameters. It is known [7-9] that, in general, the
stability boundary of atwo-parametric circulatory sys-
tem consists of smooth curves on which the matrix A
has either asimple zero eigenvalue or a positive double
eigenvalue with a Jordan chain of the length of 2. At
individual points of the stability boundary, singularities
of two types (namely, cusps and nodes) are possible.
These singularities correspond to matrices with a more
complicated Jordan structure [7, 9].

We first consider a point p = p, on the stability
boundary on which the matrix A, = A(p,) hasapositive
double eigenvalue A, with a Jordan chain of the length
of 2. At this point, the eigenvalue A, corresponds to an
eigenvector u,, associated vector u,, adjoint eigenvec-
tor vy, and adjoint associated vector v,, which are gov-
erned by the equations

(Ag—Aol)ug = 0, (Ag—Aol)uy

Uo, 3)

(Ag—=Aol)Vo = 0, (Ag—Agl)v,

Vo, “

where | is the identity matrix. The vectors u,, U;, V,
and v, are related by conditions of orthogonality and
normalization:

(Uo, Vo) = 0, (Ug,Vg) =(Ugvy) = 1. (5)

The parentheses in (5) stand for the Hermitian scalar

m
product (a, b) = z a;b; of thevectorsa, b 0 C™
i=1
We consider smooth variations p(g) = p, + €e + €%d
of the parametric vector in the vicinity of the point p,,.
Here, e and d O R? are variation vectors, |e| = 1, and
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€ >0isasmall parameter. As aresult of this perturba
tion, the matrix A, takes the increment

A(py+ee+e’d) = Ag+eA +eA+ ...,  (6)
where matrices A, and A, are given by
° A
A= ) a_pses
o )

2
Zapl ! 2 Z apsapt

The derivativesin (7) are taken at the point p=p,.

Due to the variation of the vector of parameters,
both the eigenvalue A, and the corresponding eigenvec-
tor u, also take increments. According to the perturba-
tion theory of non-self-adjoint operators [10], in the
case of a double eigenvalue with a Jordan chain of the
length of 2, the expansions for the eigenvalue and
eigenvector contain termswith fractional powers of the
small parameter €:

A= Ag+eN +eN, + eV N+

®)

u = up+e”w, +ew, +e¥w, +

Substituting expansions (6) and (8) into eigenvalue
problem (2), we aobtain equations for determining the
perturbations of A, and u,. For the first coefficient A,
we have

Ay = £/(ALUg, Vo). )

Using expression (7) for the matrix A,, we intro-
duce a vector f with the components

[ﬁA [

O, =—Uo, Vo S = 1,2. (10)

As ), isared eigenvalue, the vector f is also real.

With regard to (10), we obtain aformula describing the
splitting of the double eigenvalue [9]:

A = Aot /e[, e+ O(e).
2
Here, &, b= Z ajb, isthe scalar product of the vec-
s=1
tors a, b 0 R? in the parameter space. Formula (11) is
valid if the radicand is not zero. If [, eld< O, then the
double eigenvalue A, splits into a complex-conjugate
pair of eigenvalues (flutter instability). If [, e[ 0, two
positive eigenvalues appear (stability). Therefore, the
vector f isanormal to the stability boundary and liesin
the stability domain (see Fig. 1a).
We now consider a degenerate case when

f,e 0= 0.

(11)

(12)
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Fig. 1. Transformation of frequency curves near the flutter
boundary.

Thisimpliesthat the curvesp(e) = p, + €ex + €°d tend

to the tangents to the stability boundary as € — 0.
In this case, the termswith fractional powers disappear
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Fig. 2. Stability of vibrations for aplate in agas flow.

in expansions (8) [10]:

A= Ag+EN, +EN, + ...,
0 2 24 (13)
U= Ugt+eW,+&W,+ ...

The coefficient A, is a solution to the quadratic equa-
tion[9]

Ao+ h,a,+a, = 0 (14)

with coefficients
a; = —(AUg, V1) —(AUy, Vo),

(15)
a, = —(AzUq, Vo) + (Go(A1Uo), AIVO)-

The operator G, inverseto A, — A, is defined by
the expressions

(Ao=Ao)Y = ¢ and P = Gy,

where ¢ and ¢ [0 C™ and the solvability condition
(¢, vy) = 0 is assumed to be satisfied. In this case, the
solvability condition has the form (A,u,, v,) =0andis
valid for the degenerate directions given by (12) for the
vector e. Using expressions (7) for the matrices A, and
A,, the coefficients a, and a, can be written as

a, = h,e,[J a, = [He,, e, 0,dJ (16)

where the real vector h and matrix H are defined
by (15).

3. We substitute expressions (16) into Eq. (14) and
multiply the result by €. Introducing the notation A\ =
A€, we have

AN’ +€h, e,[DA +€°He,, e, 0= €°[F,d0 (17)

It is worth noting that no restrictions were imposed
on the vector d. It is convenient to set this vector col-
linear to the normal f, i.e., to set d = yf. Denoting p =
ylf|€2, we see that € and p are coordinates of the vector
Ap = p - p, inthe orthonormalized basis of the vectors

f

e, and i which are related by orthogonality condi-

tion (12). Indeed,
_ 2, _ f
Ap=¢ge, +e°d = se*+p|-f—|.

Transforming the right-hand side of Eq. (17), we
have

e’f, d0= O, ApO= plf|. (18)
Substituting (18) into (17), we arrive at
AN +€h, e, [DA +€°[He,, e, 0= plf|.  (19)

This equation describes the splitting of the eigen-
value A, which occurs due to varying the parameters €
and p near the stability boundary. In particular, the
approximate equation of the stability boundary in the
vicinity of the point p = p, follows from (19). Indeed,
the boundary between the domains of stability and flut-
ter consists of points that correspond to matrices con-
taining positive double eigenval ues with a Jordan chain
of the length of 2. Therefore, the discriminant of qua-
dratic equation (19) has to be zero at the boundary
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points. This condition leads to a quadratic approxima-
tion for the boundary in the local coordinates € and p:

(20)

D = [h, e*E:f—4EHe*, e

Parabola (20) is convex either downward (if D < 0)
or upward (if D > 0). It immediately follows from
Eq. (19) that the flutter domain is defined by the ine-
quality

21

2D
p<—€ 21 (22)
If the double eigenvalue A, at the point p, is
assumed to be negative, then Eq. (20) describes the
boundary between the domains of flutter and diver-
gence and inequality (22) defines the flutter domain as
before.

For any fixed value of p, Eq. (19) describes the
behavior of two eigenvalues A along a line paralel to
the tangent to the boundary at the point p,. Changing
the sign of the parameter p implies passage through the
flutter boundary (see Fig. 1a). It isnatural to expect that
gualitative changes in the behavior of the frequency
curves A(€) would take placein this case. Equation (19)
allows us to study the rearrangement of the frequency
curves both qualitatively and quantitatively, using only
information at the point p = p, .

We take a perfect square from the left-hand side
of (19) and study the cases of positive and negative val-
ues of D defined by (21):

1 Drf
%3)\+§e[h,e*tgz—5§7“/_g = plf|, D>0: (23)

)\+lsEh,e*
Pr+gerh, e+

We then consider Eqg. (23) corresponding to the con-
vex flutter domain D > 0 (Fig. 1a). If p >0, then, for any
€, the eigenvalues A arereal and placed on hyperbola /
as shown in Fig. 1b. When the parameter p tends to
zero, the branches of hyperbola I approach each other,
sothat for p = 0, the eigenvalues are on two real asymp-
totes:

©/D0 gy,

D <0. (24)

ReAA(E) = —%s([h, e [ /D).

If p <0, the set of real solutionsto Eq. (23) consists of
two branches of adjacent hyperbola 2 in Fig. 1b; how-
4%'” the

eigenvalues A are complex-valued and belong to an
ellipse (a so-caled instability bubble). The real and

ever, for € satisfying the inequality € <
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imaginary components of the bubble are governed,
respectively, by the equations

ReAN = —%Elh, e (25)

(Iman)® + B ENBD = —plf|. (26)

The ellipse and two branches of hyperbola 2 have
common points when €, , = + —%l—f—l (Fig. 1c), at

which the matrix A has the double real eigenvalues

4plf]
o
Hyperbola (23) and ellipses (25) and (26) lie on the
orthogonal planes since the real component of the
ellipse is given by a straight line (Fig. 1b). Therefore,
when varying the parameter €, the eigenvalues bifurcate
in the vicinity of the points €, and &,. Namdly, two
eigenvalues, moving on a plane, merge and then come
out of the planein the direction orthogonal to it. Such a
behavior of the eigenvalues is referred to as a strong
interaction and istypical for passage through the flutter
boundary [8]. It is worth noting that the inequality
determining the instability bubble exactly coincides
with the approximation of flutter domain (22). Thereby,
the overlapping is closealy related to the convexity prop-
erties of the flutter domain.

We now consider the case D < 0 when the overlap-
ping of the frequency curves is described by the fami-
lies of ellipses (24). There are no real solutions for
AN(e) if p <O (the case of flutter). At p = 0, the set of
real solutions consists of anisolated point. If p >0, then
the set of real solutions AA(g) is ellipse (24), whose

4plf|
| (-D)
easy to seethat such abehavior correspondsto concave
flutter domain (22).

Remark 1. Similarly, using variations along the
curves p(g) = p, + €e+ €2d, we can analyze the overlap-

ping of the frequency curves near the boundary
between the domains of stability and divergence.

Remark 2. The basic eguations describing the
bifurcations of eigenvalues, (11) and (17), and the over-
lapping of frequency curves, (23) and (24), are aso
valid for the linear differential operators A under
homogeneous linear boundary conditions, depending
on the parameters. The difference is that the vectors f
and h and matrix H are defined through eigenfunctions
and associated functions of the operator and through
the derivatives of both the differential expression and
the boundary forms with respect to parameters.

4. As an example, we consider a simple prablem of
stability for arigid plate in an incident gas flow [11].
The plate is fixed by two elastic supports having stiff-
ness coefficients ¢, and ¢, per unit length and has two

ALy = )\0$%Eh,e*D _

boundary is defined by the inequality € < Itis
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degrees of freedom: the vertical displacement y and the
angle ¢ of deflection (see Fig. 2a). Small vibrations of
the plate are described by the following equations in
dimensionless variables [9, 11]:

OyO Oy0
oYog+agYo=o0, A= |1 ©-9] (7
060 Do¢0 12c 3-3

Here, q= = c °PVA(c, + C,)! isthe load parameter pro-

portional to the dynamic pressure of the flow and ¢ =
1

> (€ -
relation between the stiffness coefficients. Thus, circu-
latory system (27) depends on the vector of parameters

p =(c, g). It followsfrom physical reasonsthat q=0 and
-05<c<05.

G)(c, + ¢,)) ! is the parameter characterizing the

0, 0
Seeking the solutionto Eq. (27) intheform Dz 0=
U¢é O

ue®T, we arrive at eigenvalue problem (2). With A = «?,
the corresponding characteristic equation has the form
A+ (3g-4)A +12cq—3g—12c°+3 = 0. (28)

Equations of the curves subdividing the plane of the
parameters ¢ and g into the domains of stability, flutter,
and divergence follow directly from (28) (see Fig. 2by):

1 4c°
—4c’

dq(C) =
(29)

g:(c) = §(1 +4ct2/c(c+2)).

e L _ 20
For the point 0 = 0,q= 30 on the boundary

between the domains of stability and flutter, which cor-
responds to the double eigenvalue A = 1 (see Fig. 2b),
characteristic equation (28) can be easily transformed
into

3, . O f _ 2
%x 1+54-1 —D—4c+2q 15 = -8c—4c”.(30)

For ¢ =0, Eq. (30) has two solutions:
A=1, A=3-3q. (31)
The two lines (31) intersect one ancther at the point

Hq: %’A =1 E- If c#0, then Eq. (30) describesafam-

ily of hyperbolas with asymptotes (31). For small c<0
and 0 < g < 1, the solutions A(q) to Eqg. (30) belong to
thereal plane. One of the two eigenval ues remains pos-
itive for any g, while another eigenvalue changes its
signatacertaingy < 1 (seeFigs. 2b, 2c). Thus, forc <0
and sufficiently large q, system (27) loses its static sta-
bility (the case of divergence). Changing the sign of the
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parameter ¢ results in a transformation of the fre-
quency curves, which is accompanied by the origina-
tion of aregion of complex-valued eigenvalues. In this
case, the system loses its stability at the values of ¢,
such that two positive eigenvalues A merge to form a
double eigenvalue with a Jordan chain of the length
of 2 (flutter).

We now show that Eq. (30) can be approximated by
formula (23), whose coefficients are calculated by
using only information on the system at the point p, =

%), g% The eigenvectors and associated vectors of the
double eigenvalue A = 1 are

040 0 o O

U, =00 Vvy=10 0

gond 0-2/30
(32)

O O 04 O

u, = 0 o v =D1D

0-3/20 gon

Formulas (10) and (12) determine the vector f nor-
mal to the flutter boundary at the point p, = B) :%E and,
therefore, the tangent vector e, :

0_gO Dom
f=0"0 =g 0 (33)
oo 010

Finding the vector h and matrix H by formulas (15) and
(16), with regard to expression (21), we obtain that
(h, ex0= 3, D = 9, and the variation vector is Ap =

%c, q- %Er Thus, the parameter p in Egs. (23) and (24)

1, ApO
Ifl
quency curves is described by Eq. (23), which in this

case takes the form
f _B

3
%x—l+§q—1|j qu 15

Comparing exact equation (30) with its approximation
(34), we see that the asymptotesA = 1 and A = 3 — 3q
coincide completely in both equations, with the
approximations of the frequency curves being rather
good for small values of parameter ¢. The quadratic
approximation of the flutter domain in the vicinity of

is =—C.AsD > 0, thetransformation of thefre-

Dz- —8c.

(34)

the point p, = %) g% is given by formula (22):

_rf

c> 32 ~30" (35)

Approximation (35) implies that the flutter domain is

convex (see Fig. 2b), and it is in good agreement with
the exact expression ¢;(c) for flutter boundary (29).
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