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Non-self-adjoint operators arise in nonconservative
problems of mechanics and physics. The theory of non-
self-adjoint operators goes back to G. Birkhoff’'sworks
and was later developed by many scientists [1-7].
Keldysh [1] wasthefirst to extend the concept of a Jor-
dan chain of vectorsto awide class of non-self-adjoint
operators. In the presence of parameters in the spectra
of non-self-adjoint operators in the general position,
there are multiple eigenvalues with Keldysh chains. It
turns out that these eigenval ues determine the geometry
of the boundary of the stability region for the corre-
sponding nonconservative system. An effective tech-
nigque for analyzing this boundary is the study of bifur-
cations of eigenvalues with varying parameters based
on perturbation theory [2]. Such an analysis has been
conducted only in the finite-dimensional case[8].

In this work, we consider eigenvalue problems for
non-self-adjoint linear differential operators smoothly
depending on a vector of real parameters. Explicit
expressions are found that describe bifurcations of mul-
tiple eigenvalues with arbitrarily long Keldysh chains
along smooth curves in the parameter space. The for-
mulas derived use the eigen- and associated functions
of the adjoint eigenvalue problems and the derivatives
of the differential operator with respect to the parame-
ters. As applications, we examine the boundaries of the
stability regions of circulatory systems.

1. COLLAPSE OF A KELDYSH CHAIN

Consider the eigenvalue problem for alinear differ-
ential operator L [4]

[(UW) = Au,

where

Uuy =0, s=12,...m (1)

= d™ 'y
l(u)y = a——,
iZO dx™"
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Assumethat problem (1) is such that the coefficients
of the differential expression I(u) and the coefficients of
the forms US(u) are real functions smoothly depending
on a parameter vector p O R", i.e.,, C* functions on an
open set Q [0 R". Suppose the spectrum of L at a point
p, contains a multiple eigenvalue A, with a Keldysh
chain of length k. This means that, at p = p,, there
exist an eigenfunction u,(X) and associated functions
u;(X), ..., U_;(x) corresponding to A, and satisfying the
equations and boundary conditions

du

USu) = .
(U) IdXI

i x=0 x:l|:|

lo(Ug) = AgUo, US(UO) =0;
lo(U) = Aol +U;_y, Ug(u) = 0; @)
i=12, ..,k=1; s=1,2,....m.

For the adjoint eigenvalue problem [4], we have

15(vo) = 7_\0V0’ VE(VO) =0

vivy=o; ¥

s=12,...,m.

15(v) = AoV +V iy,
i =12, ..,k=1;

It followsfrom Egs. (2) and (3) that the eigen- and asso-
ciated functions of the adjoint problems are related by
the equations

(u,ve) =0, j=01,..,k=-2;
(Ug—1, Vo) =(Ug, V_1) #0;
(U_pVvi)=(u,visg), 1,j=12..,k=-1, (5
1

where (¢, ) :Iq)(x)LWx)dx isthe scalar product of ¢,

C))

0
. The Keldysh chain isan anal ogue of the Jordan chain
of vectors in eigenvalue problems for non-self-adjoint
operators[1, 3-5, 7].
Suppose that a smooth curve issues from the point
P, inthe parameter spacein adirection e [ R" such that
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Fig. 1. Column loaded by a nonconservative force.

p(€) = p, + €ein the first approximation. Here, e 20 is
a small parameter. Variations in the parameter vector
lead to perturbations of the eigenvalues and eigenfunc-
tions. In the case of a multiple eigenvalue with a
Keldysh chain of length k, they are represented by
seriesin fractional powers of the small parameter €’k
j=0,1,2,...[2:

1 2
K K
A= Ag+teEA +EA+
1 2
_ k k
U= ug+tew, +ew,+

(6)

In this case, [(u) and US(u) take increments:
[(u) = lg(u) +ely(u) + ...,

S S S (7)
U™ (u) = Ug(u) +eUi(u) + ...,

where |, = 1(U)], -, » Ug = US|, -, » and I, (u) and

U3 (u) are given by

) = Yegnw, Ui = Yeirw. ®

All derivatives in (8) are taken at the point p,. Thus,
we consider regular perturbations whose order does
not exceed the order of the unperturbed operator L, =

L(py) [2].

Substituting (6) and (7) into Egs. (1) and collecting
the coefficients of equa powers of € gives k boundary
value problemsfor w;, w,, ..., w,, which determine the
first-order correction A, to the eigenvalue A

Ay = KO, e0+i g, el )
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Here, (&, b= Z a;b; isthe scalar product of vectorsa,
b O R"in the parameter space, and f, and g, are rea
vectors with components

fi+ iglj(
e v ‘f;; V2™ (v )
= =1 . (10)
(Uk—17Vo)
corresponding to the k-fold eigenvalue A, at p,, and the
forms Vg **, ..., Vo' are the coefficients of UJ, ...,

U0 in the Lagrange formula[4]

L+ UMV,
(11)
The right-hand side of (9) assumes k complex values.
1 1
The expression A = A, + sk)\l + 0(*) describes the
splitting of a k-fold eigenvalue as the parameters are
varied along acurveissuing in the direction eif the rad-
icand in (9) is nonzero. Specificaly, for k=1, relations
(6) and (9) describe the behavior of a ssimple eigen-
value.

(IO(UO)vvo)_(UO,Ié(VO)) = Uév(z)m.g.

2. NONCONSERVATIVE STABILITY PROBLEMS

As an example, we consider auniform elastic canti-
levered column (Fig. 1). It is assumed that the free end
of the column is loaded by a nonconservative force g,
whose direction is determined by the parameter n O [0,
1]. The casen = 1 corresponds to the column loaded by
atangential follower force (the Beck problem[10, 11]).
If n =0, then q is a potentia (conservative) force. The
dimensionless differential eguation describing small-
amplitude vibrations of the column in the Oxy plane has
theform [9]

y"(x D) +ay'(x, 1) +¥(x, 1) = 0,

where the dotted and primed variables denote deriva-
tiveswith respect to time t and x, respectively. Separat-
iTJ/A

ing the variables [y(x, T) = ux)e
eigenvalue problem [9]
[(u) =
U'(u)=u(0) = 0, UXu)=u(0) = 0,
Uu)=u'(d) = 0,
U*(W) =u"(1) + (L-n)qu'(d) = 0.
Its adjoint problem is

IQv)=v"™
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], we arrive at the

u™ +qu’ = Au, (12)

(13)

+qv" = Av, (14)
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Viv)=—v(0) = 0, Viv)=v'(0) = 0,
Viv) =v"(1) +nav (1) = 0,
Viv)=-v"(1) —qv'(1) = 0,

Using (11), we find for V3, V6, V7, and V3 that
VP=v(1), VP=—v'(1), V'=-v"(0)-qv(0),
ve=v"(0) +qv'(0).

The genera solution to Eq. (12) iswritten as

u(x) = C,cosh(ax) + C,sinh(ax)
+ C,cos(bx) + C,sin(bx),

(15)

(16)

(17)

1
Ug, o, X
where a = E,_§+D_+)\DE
I

M O
3B
gives the existence condition for a nontrivial solution

u(x) to the eigenvalue problem [9]:

D\, n, ) =(2A +(1-n)g°)(1 + cosh(a) cos(b))
+0(2n-1)(q+absinh(a)sin(b)) = 0.  (18)

The eigenvalues A(n, q) are determined by this equa-
tion. The linear nonconservative mechanical system
under consideration is the so-called circulatory system.
Itis stableif and only if all eigenvalues A are positive
and semisimple. If all A O R arereal and some of them
are negative, then the circulatory system is statically
unstable (divergence). The existence of at least oneA [
C means dynamic instability (flutter) [10, 11].

The characteristic determinant D(A, p) is a smooth
function of the spectral parameter A and the vector p =
(n, ). For every fixed p = p,, the spectrum of the oper-
ator L defined by (12) and (13) isdiscrete [4]. Itseigen-
values may be simple or multiple roots of D(A, p,).
Suppose that the equation D(A, p,) = 0 hasak-fold real
root A = Ay a p = p,. Then, by the Malgrange prepara-
tion theorem [12], there exists a neighborhood of the
point (A, py) in which D(A, p) is given by

NI

. The substitution of (17) into (13)

k-1

DO P) = |(A=Ag)"+ 5 (A —Ao)‘ai(p)}ba, P).(19)

0

where ay(p), ..., &_(p) and b(A, p) are smooth func-
tions such that a,(p,) = 0 and b(A,, p,) # 0.

For example, let A, beasimplereal root of D(A, py) =
0. Then, under small variations in the parametersin the
neighborhood of p,, it remainsrea and simple, because
A=A, — ay(p) by virtue of (19). Therefore, if al eigen-
values of L are positive and simple at p = p,, then p, is
aninterior point of the stability region of the circul atory
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system (12), (13). In asimilar fashion, it is established
that the points of the parameter plane that correspond to
operators whose spectrum contains a simple zero or
doublereal eigenvalue with a Keldysh chain of length 2
constitute smooth curves. The stability of the noncon-
servative system in the neighborhood of such a curve
depends on the behavior of the zero or double eigen-
value with varying parameters. In the first approxima-
tion, this behavior is described by relations (6) and (9),
whereweset k=1or 2:

A = e, d+o(g), (20)

1
A = Aot e, e+ o

Formulas (20) and (21) show that bifurcations of the
eigenvalues are determined by the signs of the scalar
products [, eCand [, e[J The corresponding inequali-
ties are linear approximations of the stability, flutter,
and divergence regions, and the vectorsf, and f, arethe
normalsto the boundary of the divergence region deter-
mined by the simple zero eigenval ues and to the bound-
ary of the flutter region determined by the double real
eigenvalues with a Keldysh chain of length 2.

21

The possible values of the parameters n and g at
which system (12), (13) becomes statically instable are
found from Eq. (18), wherewe set A = 0:

cos(./q) = r]L—l

(22)
Equation (22) defines the curve of zero eigenvalues on
the parameter plane (n, g). A fragment of this curve
separates the stability and divergence regions. The
curve of double eigenvalues is determined by numeri-
cal evaluation of the roots of the characteristic equa-
tion (18) for various values of n and g. The curves
found divide the parameter plane (n, g) into the stabil-
ity (S), flutter (F), and divergence (D) regions (Fig. 2).

Figure 2 shows that the flutter region is contiguous
with the divergence and stability regions. Conse-
guently, in motion along the boundary of the flutter
region, the double eigenvalue changes its sign at some
point. Let usfind it. According to (4), the orthogonality

1

condition I UgV o dx = 0 must be satisfied at the bound-

0
ary points of the flutter region. The eigenfunctionsu, and
v, of the zero eigenvalue are defined by the formulas

Uy = sin(b) — xbcos(b)

—sin(b) cos(bx) + cos(b)sin(bx), (23)
Vo, = 1-cos(bx), b = ,/q. (24)
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Fig. 2. Stability diagram.

The evaluation of the integral gives an equation satis-
fied by the ordinate of the desired point:

o = (o —2sin(.Jap))
x (JOo(1 + 2c0s(./dp)) — 4sin(/qp)).

For g, > 0, the minimum of the solution set of Eqg. (25)
is q, = 17.0695748. Substituting this into the curve
equation (22), we find the corresponding value of the
second parameter n,, = 0.35431330.

Thus, at the point p, = (0.35431330, 17.0695748),
there exists adouble zero eigenvalue A, with aKeldysh
chain of length 2. The bifurcation of such an eigenvalue
isgiven by (21). In (10), we substitute (12) for I(u) and
(23) and (16) for U', U2, U3, U4, V3, Ve, V7 and V& and
use conditions (4) and (5) to obtain an expression for
the normal to the boundary:

(25)
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f2
1

0 " : [

a IUoV 0dX = (1 =no)ug(H)V o(1)J
_ gqouo(l)v oD o %
- 1 ’ 1 :

3 (uovad d ]

UpV dX UgV ;dX
. { { H6)

In addition to the eigenfunctions u, and v, correspond-
ing to the double zero eigenvalue, we need the associ-
ated function v, to calculate the vector f,. At k= 2 and
Ao = 0, we solve the boundary value problem (3) sup-
plemented with the differential expression and the
boundary conditions from (14) and (15) to obtain

Xx—1 .

2
X+ X
= + ——=sin(bx
2b° (b%)

T
, _bPcos(b) —sin’(b)
b*(bcos(b) — sin(b))

(sn(bx)—bx),  (27)

where b = ,/q,. The possihility of appearance of asso-
ciated functionsin the Beck problem wasnoted in [13],
but explicit expressions for them were not found.

Substituting eigenfunctions (23) and (24) and the
associated function (27) into (26), wefind the normal to
the boundary of the flutter region at the point p,:

f, = (-24288.8139, —1024.49949).
Given the normal vector, we can inspect the neighbor-
hood of the boundary point of the flutter region in all

directions e such that [,, e[1# 0. Specifically, for two
orthogonal directionse= (1, 0) and e= (0, 1), we obtain

A = +155.848689./n,—1,

A = £32.0078037,/9,—1,

respectively. Typically, in splitting adouble zero, either
a complex conjugate pair or two real eigenvalues, one
of which is negative, are formed (Table 1). Therefore,

(28)

Table1. Splitting of the double eigenvalue A, = 0 in the neighborhood of the singular point p, = (0.35431330, 17.0695748)

e n-no ad—0o A (28) A (18)
(0, 1) 0 104 Re\, ,=0 Re\, ,=-0.00151188
ImA, , = £0.32007804 Im\, , = +0.32007586
(0,-1) 0 104 A1 = 0.32007804 A1 = 0.32159210
A, = —0.32007804 A, =—0.31856833
(1,0) 104 0 Re\; ,=0 Re\, , = 0.02668744
Im\, , = +1.55848689 Im\, , = +1.55823291
(-1,0) 104 0 A = 1.55848689 A1 = 1.53205170
A, = —1.55848689 A, = —1.58543004

DOKLADY MATHEMATICS Vol. 66 No.1 2002



COLLAPSE OF KELDYSH CHAINS AND THE STABILITY

the normal vector f, at p, is directed toward the diver-
genceregion, theinequality [f,, e[ O defines atangent
cone to the divergence region, and [f,, e[ O defines a
tangent cone to the flutter region (see Fig. 2). Only
curves issued along the tangent to the boundary can
lead from the singular point toward the stability region.
The direction of the corresponding tangent vector e
can befound by considering the bifurcations of the dou-
ble zero in the degenerate case [,, ex[= 0.
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