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We analyze the effect of small forces proportional to
the generalized vel ocity vector on the stability of alin-
ear autonomous mechanical system with nonconserva-
tive positional forces. It is known that arbitrarily small
dissipation generally destabilizes a nonconservative
system [1-5]. Necessary and sufficient conditions on
the matrix of dissipative and gyroscopic forces under
which the system is asymptotically stable are obtained.
The two-dimensional system is studied in detail. The
problem of the stability of the Ziegler—Herrmann—-Jong
pendulum is considered as a mechanical example.

1. We consider alinear mechanical system with non-
conservative positional forces and small forces propor-
tional to the velocity vector:

Mg +eDg+Aq = 0, 1)

where M, D, and A are constant real m x m matrices
determining inertial, dissipative, and gyroscopic along
with nonconservative positional forces, respectively;
€ = 0 isthe small parameter, q is the generalized coor-
dinate vector, and the dot denotes the time differentia-
tion. The matrix M is assumed nonsingular.

Substituting g = ue, we arrive at the eigenvalue
problem

(MA>+€eDA+A)u = 0. Q)

Eigenvalues A, A,, ..., A, are determined from the
characteristic equation

det(MA®+€DA +A) = 0. (3)

We now consider system (1) in the absence of forces
proportional to the velocity vector (¢ = 0). This system
is called the circulatory system [1, 2]. In this case, as
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follows from Eq. (3), if A isan eigenvalue, —A, A, and

— A\ arealso eigenvalues. Therefore, the circulatory sys-
tem is stable (not asymptotically) if and only if all
eigenvaluesiw, w, > 0; areimaginary and semisimple.
This means that the number r of independent eigenvec-
tors corresponding to an eigenvalue is equal to its alge-
braic multiplicity k. Whenr < k, the general solution of
system (1) contains secular terms proportional to te,
a <k-1 (instability). Thus, the system having apair of
algebraically double eigenvalues +iw,, wy, > 0 with one
eigenvector, where other eigenvalues are imaginary and
simple, corresponds to the boundary between the
regions of stability and instability (flutter) [6]. Let us
analyze this case in more detail.

Theright (u,, u,) and left (v,, v,) eigenvectors and
adjoint vectors corresponding to the double eigenvalue
Ao = iy, are determined from the equations [ 7, 8]

(A —wiM)u, =0,

X _ 4)
(A—-wgM)u; = -2iwyM ug,
Vo(A—wiM) =0, )
Vi(A —iM) = —2iwyVgM.
In addition, they arerelated as
VgMu, = 0, vgMu, = viMug#0. (6)

Thevectorsu,, u,, v,, and v, are defined up to arbitrary

constants. Sincethe matrix A — ooSM isred, theeigen-
vectors u, and v, in Egs. (4) and (5) can be taken real.
In this case, the adjoint vectorsu, and v, areimaginary.

In the presence of small dissipative and gyroscopic
forces (g > 0), the double eigenvalue A, = iw, with one
eigenvector generally splits into two simple eigenval-
ues. This splitting is determined by the expansion

A =i+ e A FEN F L, (7)

where the coefficient A, is determined from the qua
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Fig. 1. Destabilization of the circulatory system by the
small perturbation €D.

dratic equation [7, 8]

.

No=id, d=-—0D% )
2ivoM u,

We note that the quantity d is real, because the vectors

u, and v, are real, while the vector u, is imaginary.

Therefore, in the presence of perturbation €D (€ > 0),

the double eigenvalue A, = iwy, splits into two simple

eigenvalues

A = iwy+ Jide + O(g).

For d # 0, these eigenvalues lie on the opposite sides of
the imaginary axis (Fig. 1). This means destabilization
of the circulatory system (¢ = 0) by arbitrarily small
forces proportional to the velocity vector.

Therefore, d=0, i.e.,

T
VvoDug

— =0 9)

2ivgMu,
is anecessary condition of stabilization of the system.
Under this condition, splitting of the double eigenvalue
is determined by the expansion A = iw, + A€ + 0(€),
where the coefficient A, is determined from the qua-
dratic equation [7]

voDG(Du,)

T T
v;Duy+v,Du; .
-0 o3 = = 0. (10)
2voMu,

Ao+
27 oviMu,

Here, G is the operator inverse to the operator

A- oogM . In particular, this operator can be repre-
sented in the form

G = (A—WM +2iwgvoviM) ", detG #0.

The coefficients of Eq. (10) are redl. If the circula
tory systemis stabilized by small forces proportional to
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the velocity vector, both roots A, must satisfy the con-
dition ReA, < 0. This condition isequivalent to the weak-
ened Routh—Hurwitz conditions for polynomia (10):

T T
v,Duy +vyDuy S

- 0, (1)
2voMu,

vZDG(DuO)>O

- (12)
2voM u,

0

Strict inequalities (11) and (12) for sufficiently small
values € > 0 ensure splitting of the double eigenvalue
Ao =iy into two eigenvalueslying in theleft half-plane.

In addition to a double pair tiwy, the behavior of
simpleeigenvalues tiw, j =3, 4, ..., mwith theright
and left v; eigenvectors must be studied. When intro-
ducing small dissipative and gyroscopic forces (€ > 0),
increments of these eigenvalues are determined by the
formula

A = i+ e+ O(E?),

where

_ v;Dy,
2viMu;

H;
arereal. Thus, the conditions

T

v;Du;
T

v;Muy;

>0, (13)

in the first approximation in € mean that any simple
eigenvalue A; does not transit to the right half-planein
the presence of the perturbation €D (¢ > 0). Strict
inequalities (13) imply that perturbed eigenvalues A,
belong to the | eft half-plane for sufficiently small € > 0.

Conditions (9) and (11)—<(13) are the constructive
necessary conditions of stabilization of the circulatory
system by small dissipative and gyroscopic forces. Cor-
respondingly, sufficient conditions of stabilization of
system (1) are derived from conditions (9) and (11)—
(13) by replacing nonstrict inequalities with strict ones.
These conditions impose constraints on the el ements of
the matrix D. Conditions (9), (11), and (13) are linear,
and condition (12) is quadratic in the elements of the
matrix D. To calculate the coefficients of linear and
quadratic forms, it is necessary to know the spectrum of
the circulatory system and corresponding right and left
eigenvectors and adjoint vectors. We emphasize that
one constraint specified by equality (9) and m con-

DOKLADY PHYSICS Vol. 48

No. 12 2003



EFFECT OF SMALL DISSIPATIVE AND GYROSCOPIC FORCES

straints specified by inequalities (11)—(13) are imposed
on the n? elements of the matrix D.

2. We consider system (1) under the assumption that
m=2and M = I, whereI is the identity matrix. This
assumption does not limit generality, and the results of
this section can be extended to the case of the arbitrary
mass matrix with detM # 0. The spectrum of the two-
dimensional system at the boundary between regions of
stability and flutter consists of only apair of imaginary
double eigenvalues tiwy,. Since simple eigenvalues are
absent, the stability of the system is determined by the
behavior of this pair.

The necessary and sufficient condition of the exist-
ence of the double eigenvalue A, = iw, of the circulatory
system can be represented as the equation

4aay + (an— a11)2 =0, (14)

2
equivalent to the equality detA = S%AE . Inthiscase,
2 2 _ aptay
—Ag = W = T>O, a3, < 0. (15)

In view of conditions (14) and (15), the eigenvectors
and adjoint vectors u,, Vv,, U,, and v, corresponding to
the double eigenvalue A, = iw, are found from Egs. (4)
and (5) intheform

Ug = 2a;, Vo = 2a, (16)
8y — 8y |82 — 811
u, = O y V1 = 0 . (17)
—41 0y —4iwy

Therefore, the denominator of expressions (8) and (10)
isequd to

2voMu; = —8iwy(ay—ay). (18)

In view of Egs. (18) and (14), necessary condition (9)
takesthe form
ngu0
2i(voMu,)
_ (dg —dy1)(8z — B11) + 2(dpp8, + dz345) -0
8w,

(19)
This condition can be written in the compact form
2tr(AD) = trAtrD.
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We now determine the coefficients of quadratic
equation (10). The coefficient of the linear term is
equal to

viDu, +voDu,
= —8iwg(dx(az —ayy) + dipdy + dxay,)

To determine the free term of Eq. (10), the vector w
must be determined from the inhomogeneous equation

(A —wil)w = Duy, 1)

where the eigenvector u, is given in Egs. (16). Solving
Eqg. (21), we obtain

G(Duy) =w = —201 (22)
2dy,
Then,
voDG(DU,) = 2(ay, —ay;)detD. (23)

Substituting Egs. (18), (20), and (23) into quadratic
equation (10), we arrive at the relation

1

As+ A5trD + %detD = 0. (24)

Thus, necessary conditions (9), (11), and (12) for the
two-dimensional system (m = 2) take the compact form

2tr(AD) = trAtrD, (25)

trD>0, detD=0. (26)
We note that similar conditions and Eq. (24) were
obtained in [5] by analyzing the characteristic polyno-
mial of system (1).

Let us determine the stabilization region that is
specified by strict conditions (25) and (26) in the space
of the elements of the matrix D. Two cases are naturally
distinguished.

In thefirst case, where a,, # 0, d,, isexpressed from
equality (25), and the matrix of dissipative and gyro-
scopic forcesisfound in the form

dyy dp,
D= (dy —dyy) (g —ay) —2a,d;,
2ay,

(27)

22
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Using condition (14) that the eigenvalue A, is double,
we transform inequalities (26) for matrix (27) to the
form

d;; +d, =0, (28)
Ay — Ay Ay — ]
Ejn—dlz—Zalz il 22—, 28, 02 0. (29

These inequalities are equivalent to the conditions

(30)

Thus, in the three-dimensional space of the parameters
d,;, d,,, and d,,, inequalities (30) define the dihedral
angle that determine the region of stabilization of the
circulatory system by small dissipative and gyroscopic
forces specified by matrix D (27) (Fig. 2).

In the second case, where a,, # 0, the necessary con-
ditions of stability have the form

g —ay
2a,, '’

dy;=dy (31)

which corresponds to the dihedral angle in the three-
dimensional space of the parametersd,,, d,,, and d,,. In
this case, the matrix D has the form

(dpp—dyy) (a1 —ay) — 285,05
11 2a
21

d21 d22

D= |d

(32)
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When a,;, # 0 and a,, # 0, conditions (30) and (31) cor-
responding to matrices (27) and (30), respectively, are
equivalent to each other.

Let usconsider the casewhere a,, = a,,. Inthiscase,
a,, = 0 or a,; = 0. These equalities cannot be satisfied
simultaneously. Otherwise, two linearly independent
eigenvectors would correspond to the double eigen-
value A, that contradicts the initial assumption. It fol-
lows from condition (25) that d;, = 0 or d,; = 0, res-
pectively. According to strict conditions (30) and (31),
the stabilization region in the three-dimensiona space
of the parameters d,,, d,,, and d,, (or d,,) is the right
dihedral angle specified by the inequalities d;; > 0 and

We now determine the form of the symmetric matri-
ces D stabilizing the circulatory system. In this case,
gyroscopic forces are absent, and inequalities (26)
mean that the matrix D is nonnegative. We emphasize
that strict inequalities (26) imply total dissipation.
Expressing the coefficient d,, = d,, from Eq. (25), we
obtain

(2 —ay;)(dy —dy)
2(ap +ay)

dll

D=
(2, —ay;)(dy; —dy)
2(ap +ay)

We note that a,, + a,, # 0, because otherwise two lin-
early independent eigenvectors would correspond to
the double eigenvalue A, that contradicts the initial
assumption. Calculating the determinant and trace of
matrix (33) and writing the conditions that they are
nonnegative, we arrive at the following necessary con-
ditions in the space of the two parametersd,, and d,,:

XLy g < g XtL
Jx+1 Jx—1

— a2
x = 1+ 222l
[y, + a,

dll’ d22 = O,
(34)

Strict inequalities (34) specify the region of stabiliza-
tion of system (1) by small forces proportional to the
velocity vector. Thus, the region of stabilization of the
circulatory system by symmetric matrices €D of the
form specified by Egs. (33) and (34) isan angle on the
plane of parameters d;, and d,, (Fig. 3). According to
formula (34), this angle is generally acute and is right
only for a,; = ay,.

3. Let us consider the Ziegler—Herrmann—Jong pen-
dulum [1, 9] consisting of two rigid massless bars,
which have the same length | and are connected by a
hinge, and point-like masses m, = 2m and m, = m
located at the bar connection point and free end, respec-
tively (Fig. 4). The pendulum is subject to the follower
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Fig. 3. Stahilization region for the symmetric matrix D.

force Q applied to the free end. The viscoel astic hinges
of the pendulum have the same rigidity ¢ and different
damping coefficients €b, and €b,. In terms of the
dimensionless quantities

_ Ql _ b _ b
q==, k = . k= ,
¢ Jeml? cml?
T=t L’
ml

where T is the time, the equations of small oscillations
of the pendulum have the form

&y, o, au o o |0

dT2+£DdT+Ay—0, y = L, (35)

where

D:l' Kk, + 2k, —2k2, A:1.3_qq_2.(36)
2| —k, — 4k, 4k, 2/q-54-

It is known that, in the absence of viscous friction,
when € =0, the equilibrium position of the pendulumis

stableforg<q, = g — J2 [9]. Thecritical load g, cor-

respondsto the boundary between the regions of stabil-
ity and flutter of the circulatory system. At this point,
the spectrum of the system includes a pair of double
imaginary eigenvalues iw, and w, = 2-"* with one
eigenvector.
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Fig. 4. Ziegler—Herrmann—Jong pendulum.

To determine the damping parameters k; and k, for
which the perturbed system isasymptotically stable, we
use stabilization conditions (25) and (26). Calculating
the invariants of the matrices A and D for q = q,

A = J2, tD = %k1+3k2, detD = %klkz,
(37)
_nl 423 ,g1
tr(AD) = D—§+7D|<1+D—§+3J%k2

and substituting them into relations (25) and (26), we
arrive at the necessary conditions of stabilization

k, = (542+4)k,, k,20. (38)

Thus, if the damping coefficients in the hinges satisfy
strict conditions (38), the Ziegler—Herrmann—Jong pen-
dulum is asymptotically stable.

We now determine the general form of the matrix D
stabilizing circulatory system (1) without constrains (36).
Substituting the coefficients of the matrix A calculated
at the critical point g = q, into formulas (31) and (32),
we obtain

5 !dn (17-12./2)dyy + (3-2./2) (0o — )
d21 d22
(39)

with the constrains

—O, < 01 (3-24/2) < dys. (40)
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for the coefficients. It is easy to check that if the
matrix D has form (36), conditions (39) and (40) lead
to relations (38).
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